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Hydrometeor  Data  and  Analytical  - Theoretical 
Investigations  Pertaining  to  the  SAMS  Rain  Erosion  Program 
of  the  1972-73  Season  at  Wallops  Island,  Virginia 

AFGL/SAMS  Report  No.5 


l.  INTRODUCTION 

The  liquid -water -content  values  and  other  associated  hydrometeorological 
information  for  the  trajectories  of  the  SAMS  missiles  launched  in  the  1972-73 
season  that  are  presented  in  this  report,  were  determined  from  radar,  surface, 
and  aircraft  data  obtained  at  Wallops  Island,  Virginia  on  the  days  of  firing. 

The  dates,  times,  and  circumstances  of  the  missile  launch  operations  are  noted 
in  the  main  text  of  this  report  and  the  general  weather  conditions  at  the  times  of 
firing  are  indicated.  The  profiles  of  liquid-water-content  and  the  integral  of 
liquid-water-content  for  the  trajectory  paths  of  the  missiles  that  are  presented 
were  determined  from  radar  measurements.  Comments  are  made  about  the  cloud 
liquid -water -content  measurements  obtained  from  the  AFGL  (formerly  AFCRL) 
C-130A  and  the  Meteorology  Research  Inc.  (MRI)  Navajo  aircraft.  Reference  is 
made  to  the  summary  data  tabulations  and  hydrometeor  sise -distribution  informa- 
tion presented  in  Appendix  G. 

The  report  is  organized  such  that  the  analytical  results  of  immediate,  direct 
pertinence  to  the  erosion  problem  are  presented  in  the  main  text.  All  background 
material  and  supplementary  information  are  included  in  appendices.  This  format 
of  presentation  conforms  with  the  agreement  of  the  SAMS-ABRES  conference  at 
AFCRL  on  7 and  8 March  1974. 


(Received  for  publication  30  June  1977) 
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There  are  eight  appendices  to  the  report,  as  Identified  In  the  Table  of  Contents, 
The  weather,  i loud,  amt  precipitation  situations  on  the  days  of  the  missile  flights  are 
discussed  in  Appendix  A,  The  radar  structure  of  the  storms,  in  the  launch  direc- 
tions, Is  Illustrated  In  Appendix  R,  Values  of  the  radar  and  hydrometeor  parameters 
along  the  missile  trajectories  are  described  and  tabulated  In  Appendix  C,  Surface 
measurements  nf  precipitation  rate  and  llquid-watcr-contcnt  are  presented  in  Appendix 
D,  Certain  aircraft  storm  data  acquired  by  the  AI-'(II.  CI30A  aircraft,  also  particu- 
lar empirical  and  theoretical  analyses^are  discussed  In  \ppendix  K,  The  data  ob- 
tained by  the  MRI  Navajo  aircraft  are  referenced  in  Appendix  K.  Spectral  information 
concerning  the  number  concentrations  and  liquid-water-content  contributions  of  the 
various  size  classes  and  types  of  hydrometeors  along  the  missile  trajectories  is  pro- 
vided In  Appendix  C,  Additionally  presented  the,e;n  are  the  equations  of  the  double 
truncated,  exponential  model  that  describes  the  spectral  characteristics  of  precipi- 
tation size  hydrometeors.  Special  background  studies  are  included  in  Appendix  H. 

The  figures  and  tables  of  these  appendices  are  presented  in  numerical  order  by 
"common  subject",  rather  than  by  "storm  date".  This  is  advantageous,  in  fact  al- 
most necessary,  for  the  logical  discussion  of  the  subject  matter,  but  it  poses  diffi- 
culties for  the  reader  who  wishes  to  inspect  and  intercompare  all  of  the  measure- 
ment results  pertaining  to  a single  missile  flight,  or  a single  storm.  The  large 
number  of  the  text  figures  and  tables  add  to  the  difficulty.  The  author  has  attempted 
to  alleviate  these  problems  somewhat  by  having  the  "thumb  edge  pages"  of  the  sepa- 
rate appendices  indexed  by  "bleed  printing".  The  beginning  page  number  of  each 
appendix,  and  the  page  number  of  each  figure  and  table,  are  also  listed  in  the  front 
of  the  report,  in  the  Table  of  Contents,  and  in  the  List  of  Illustrations  and  Tables. 

Note  is  made  of  the  previous  reports  of  the  AKCHL/SAMS  series.  The  Wallops 
Island  radars,  the  radar  measurement  techniques,  and  the  calibration  procedures 
were  described  in  AFCRL/SAMS  Report  No.  ’.  The  methods  used  to  obtain  liquid- 
water-content  values  from  the  radar  data  for  the  missile  trajectories  were  explained 
in  AFCRL/SAMS  Report  No.  2.  Liquid-water- content  and  size-distribution  informa- 
tion for  the  SAMS  missile  flights  of  the  1971-72  season  were  provided  in  AFCRL/ 
SAMS  Report  No.  3.  Climatological  data  for  selected  Wallops  storms  were  pre- 
sented in  AFGL/SAMS  Report  No.  4.  These  reports  will  subsequently  be  referenced 
as  R No.  1,  R No,  2,  R No.  3,  and  R No.  4. 

1.  Plank,  V.G.  (1974)  A Sumn^ry  of  the  Radar  Equations  and  Measurement  Tech- 

niques  Used  in  the  sAmS  Rain  Program  at  Wallops  Island.  Virginia.  AFCRL- 
SAMS  Report  No,  I,  AFCRL-TH-74-0053,  SpecUI  Reports  No”  172. 

2.  Plank,  V.G.  (1974)  Hydrometeor  Parameters  Determined  From  the  Radar  Data 

of  the  SAMS  Rain  Erosion  Program,  AFCRL/SAMS  Report  No.  2,  aFCRl- 
Tn-74-0245:  ERP  No.  477:  

3.  Plank,  V.G.  (1974)  Liquid-Water-Content  and  Hydrometeor  Size-Distribution 

Information  for  the  SAMS  Missile  Flights  of  the  197)-ia72  Season  at 
Wallops  Island,  Virginia,  afchl/SAms  Report  No.  3,  afchl-TR-74-0296, 
Special  Reports  No.  178. 

4.  Berthel,  R.O.  (1976)  A Climatology  of  Selected  Storms  for  Wallops  Island, 

Virginia.  197 1- 1975rSAMS  Re;»rt  No.  4,  AFGL-TR-?e-01 18.  ERP  No.  563. 
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2.  l-I.KaiT  CIKCrMSTAINCKS  AISI)  WKATHKK  CONDITIUNS 


Four  mlnallea  were  launched  during  the  1072-73  season.  The  first  and  second 
(Q2-6360  and  Q2-6361,  IFnit  Nos.  R487101  and  11487102)  were  fired  on  2 l•■ebrua^v 
197  3,  at  the  times  1408:00  and  1408:30  GMT,  They  were  launched  into  a storm 
associated  with  an  occluded  frontal  system  and  warm  front  which  had  extensive 
cloudiness  and  a large  area  of  surface  precipitation.  The  third  and  fourth  missiles 
(Q2-6362  and  Q2-6363,  linit  Nos,  H487103  and  11487  104)  were  fired  on  27  February 
197  3,  at  1040:00  and  1040:30  GMT.  through  the  clouds  and  precipitation  of  a dissi- 
pating open  wave  system  that  was  passing  the  Wallops  area,  about  200  miles  to  the 
south. 

The  missiles  were  of  the  two-stage.  Terrier- Recruit  type.  They  were  fired 
from  "Launch  Pad  Zero"  in  the  146°  azimuth  direction,  see  the  map  of  Figure  1)1, 
Appendix  D,  The  erosion  objectives  and  results  of  the  flights  have  been  reported 
by  Cole,  Church  and  Marshall. 

The  storm  conditions  at  the  launch  times,  and  before  and  after  launch,  are 
discussed  in  Appendix  A.  Surface  weather  maps,  satellite  photographs,  and  storm 
cross-sections  are  presented  that  reveal  the  general  cloud  and  precipitation  condi- 
tions, The  radar  echo- structure  of  the  storms  in  the  146°  launch  direction  of  the 
missiles  is  shown  in  Appendix  B.  The  surface  rainfall-rates  and  liquid-water- 
content  values  during  the  launch  periods  are  illustrated  in  Appendix  1), 

3.  PROFIFFS  OF  I.IQL'ID  WATKR  CONTENT  AND  INTEGRAL  OF 
LIQUID  WATER  CONTENT  FOR  THE  MISSILE  TRAJECTORIES 
AS  DETERMINED  FROM  RADAR  DATA 

The  solid-line  profiles  of  Figures  1 through  4 show  the  radar-determined  values 
of  liquid-water- content  (M)  vs  altitude  for  the  four  missile  flights  of  the  1972-73 
season.  The  values  pertain  to  the  missile  trajectories  but  they  are  plotteo  vs  the 
altitude  of  the  trajectory  points  above  the  ground  (or  sea)  level. 

The  dashed-line  profiles  of  Figures  1 through  4 show  the  values  of  the  integral 
of  liquid-water-content  (jwd  R ) which  have  been  integrated,  cumulatively,  from 
the  launch  pad  upward,  along  the  course  of  the  missile  trajectories,  to  the  storm 
top  altitudes.  The  maximum,  "total  storm  passage"  value  of  the  integral  is  indi- 
cated at  the  top  of  each  profile,  by  the  drafted  numbers.  The  units  of  the  integral 
_2 

are  gm  m . The  assumptions  and  equations  used  to  compute  the  values  of  the 
integral  were  discussed  in  R No.  2. 


Sandia  Corporation, 


Albuquerque,  New  Mexico. 


19 


Figure  1.  Profiles  of  Llquld-Water-Content  (M) 
and  Integral  of  Liquid -Water* Content  ( / Md  R.) 
for  the  Missile  Trajectory  of  Flight  No.  Q2-6360 
(Unit  No.  R487101)  of  2 February  1973,  Launched 
at  1408:00  GMT 


The  hydronneteor  regions  and  transition  zones  of  the  storms  are  also  indicated 
in  Figures  1 through  4.  These  regions  and  zones  were  established  from  aircraft 
observations  and/or  radiosonde  temperatures.  The  letter  symbols  used  in  the 
figure  are  Identified  in  Table  1.  This  table  additionally  lists  the  empirical  equa- 
tions, relating  P vs  Z,  M vs  Z and  M vs  P,  see  R No.  2,  that  were  employed  in 
the  liquid -water- content  computations  for  the  different  hydrometeor  categories  and 
types  defined  for  the  1972-73  season.  The  definitions  are  consistent  with  those  of 
Table  2,  R No.  2. 
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Figure  2.  Profiles  of  Liquid- Water- Content  (M) 
and  Integral  of  Liquid-Water-Content  ( | Md  Rg) 
for  the  Missile  Trajectory  of  Flight  No.  Q2'6361 
(Unit  No.  R487102)  of  2 February  1973,  Launched 
at  1408-30  GMT 


Background  and  auxiliary  information  about  the  radar  and  hydrometeor  condi- 
tions along  the  missile  trajectories  is  supplied  in  Appendix  C.  Diagrams  and  pro- 
files of  the  radar  integration  signal,  JT,,  are  presented  in  Figures  Cl  through  C6 
of  this  appendix.  Profiles  of  the  radar  reflectivity  factors  for  water  and  ice 
hydrometeors,  and  are  presented  in  Figures  C7  through  CIO.  Profiles  of 
the  precipitation  rate.  P.  are  presented  in  Figures  Cll  through  C14. 

The  numerical  values  of  the  radar  and  hydrometeor  parameters  for  the  missile 
trajectories  are  listed  in  Tables  Cl  through  C4,  for  each  data  point  altitude. 
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Figure  3.  Profiles  of  I.iquid-Water-Content  (M)  and 
Integral  of  I.iquid-Water-Content  ( | Mtl  Rg)  for  the 
Missile  Trajectorv  of  Flight  No,  Q2-6362  (Unit  No. 
R487  103)of  27  February  1P73.  Launched  at  1040:00 
CiMT.  The  M values  for  the  upper  cirrus  deck  are 
maximum  values;  the  actual  values  are  something 
indeterminately  smaller 


i.  (.1,01 1)  l.iyi  \TI.R-(.OMLM  VALUES  FOR  THE 
MISSILE  TRAJECTORIES 

In  addition  to  the  liquid -water-content  values  measured  by  the  radar,  which 
pertain  to  hydrometeors  of  precipitation  size  (those  having  drop  diameters,  or 
equivalent  melted  diameters,  larger  than  about  80  microns)  there  is  substantial 
liquid-water-content  present  in  the  Wallops  storms  in  the  cloud  size -range  of  the 
hydrometeor  spectrum  (those  having  drop  diameters  smaller  than  about  80  microns). 
Aircraft  measurements  are  required  to  determine  the  liquid-water-content  values 
for  these  cloud-size  droplets  and  particles. 
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Figure  4.  Profiles  of  Liquid-Water-Content  (M>  and  Integral  of 
Liquid-Water-Content  ( I Md  Rg)  for  the  Missile  Traiectorv  of 
Flight  No.  Q2-6363  (Unit  No.  R487104)  of  27  February  1973, 
Launched  at  1040:30  GMT.  The  M values  for  the  upper  cirrus 
deck  are  maximum  values;  the  actual  values  are  something 
indeterminately  smaller 


Aircraft  measurement  information  about  cloud  liquid-water-contents  was  ob- 
tained by  the  AFGL  C-130A  aircraft  for  the  Wallops  storm  of  2 February  1973. 
These  liquid-water-content  values  are  illustrated  in  Figure  5.  The  50**’  percentile, 
frequency  of  occurrence  values  were  presumed  to  be  representative  of  the  cloud 
conditions  along  the  missile  trajectories  at  the  launch  times.  The  particular 
values  are  listed  in  Tables  Cl  and  C2  (for  the  altitude  points  of  the  radar  measure- 
ments and  in  Tables  G2  and  G3  (for  each  250  meters  of  altitude  where  clouds 
were  present). 
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I'ifliift'  .'i.  I 'i-icciil  I ' fc(|in’iii'\  i>f' ( iiiuffciu'i'  l.'.ilini's  i)f 
Cloud  I i(iaiil-\\;»l«M'-Coiii«‘nt,  us  Di’iciiuiiUMl  I'rom  itie 
.lolitisoti illiatiis  (.U\  t Inst  i imionl  of  the  A I '(11.  < ' - 1 :d)A 
A I lu'  raft 


Aircraft  measurements  of  cloud -liquid-water-content  in  the  storm  of  27  Feb- 
ruary 1973  were  made  by  the  Meteorology  Research  Inc,  (MHIl  Navajo  aircraft, 
see  Appendix  F.  Relatively  few  of  the  measurements  were  analvtically  reduced  and 
only  "broad  range"  information  is  available  for  several  particular  altitudes  in  the 
storm.  Our  "best  estimates"  of  the  possible  cloud  liquid-water-contents  for  this 
storm  are  listed  in  Tables  C’3  and  C4  (for  the  radar  data  points)  and  in  Tables  G4 
and  G5  (for  the  250  meter  points). 


5.  COMMKM.'i 

Aircraft  measurement  information  concerning  the  size-distribution  of  the 
hydrometeors  was  rather  sparse  and  qualitative  in  the  1972-73  season.  Thus,  as 
in  the  case  of  the  1971-72  season  discussed  in  R No.  3,  spectral  information  re- 
garding the  size-distribution  of  the  number  concentration  and  liquid-water-content 
(contribution)  of  the  hydrometeors  along  the  missile  trajectories  was  estimated 
from  theoretical  distribution  functions,  of  double  truncated  type.  The  models  pro- 
viding the  bases  for  the  computations  were  the  same  as  used  in  R No.  3.  The  com- 
putational results,  which  are  believed  to  be  reasonably  descriptive  of  the  probable 
conditions  along  the  missile  trajectories  are  presented  in  Tables  G2  through  G5,  of 
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Appendix  0.  The  mathematics  and  assumptions  of  the  "precipitation  model"  are 
also  presented  in  this  appendix,  as  an  addendum,  and  the  descriptivity  of  the  model 
is  discussed  relative  to  data  results. 
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Appendix  A 

Synoptic  WMthtr  Mapi,  Satallita  Photograph* 
and  Storm  Croat  Sactiona 


Surface  weather  maps  for  the  Eastern  United  States  are  presented  in  Figures 
A1  and  A2  for  the  two  storms  of  the  1972-73  season  through  which  missiles  were 
fired.  There  are  three  maps  in  each  figure,  for  the  times  closest  to  the  launch 
times  and  for  times  3 hr  previous  and  3 hr  subsequent.  The  isobars,  fronts,  and 
precipitation  areas  are  shown  on  the^e  maps. 

Satellite  photographs  (Figures  A3  through  A6)  reveal  the  appearance  of  the 
cloud  shields  associated  with  the  storms.  The  dates  and  times  are  indicated  and 
the  location  of  Wallops  Island  is  shown  on  each  photograph  by  a drafted  "X".  The 
photographs  of  Figures  A3  and  A5  were  obtained  from  the  synchronous  satellite 
ATS-3;  those  of  Figures  A4  and  A6  were  acquired  from  the  polar-orbiting  DAAP 
(Data  Acquisition  and  Processing  Program)  satellite.  The  photographs  for  the 
storm  of  2 February  1973  were  taken  about  10  min  prior  to  launch  and  about  3 hr 
and  30  min  following  launch.  Those  for  the  storm  of  27  February  1973  were  taken 
about  3 hr  after  launch  and  about  6 hr  after  launch. 
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I•'i«u^e  Al.  Surface  Weather  Maps  for  the  Kastern  I'nitei)  Slates  for  1200,  1500, 
and  1800  CMT,  2 I'ehruary  1073 


Figure  A2.  Surface  Weather  Maps  for  the  Kastern  United  States  for  0900,  1200, 
and  1500  GMT,  27  February  1973 
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Figure  A4,  Photograph  Obtained  From  the  Polar -Orbiting 
Satellite  DAPP,  Showing  the  Cloud  System  Associated 
With  the  Storm  of  2 February  1973,  Approximately  17  30Z 
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W LONGITUDE 

Figure  A5.  Photograph  Obtained  From  the  Synchronous  Satellite 
ATS-3,  Showing  the  Cloud  System  Associated  With  the  Storm  of 
27  February  197.1,  13567. 


Figure  A6.  Photograph  Obtained  From  the  Polar-Orbiting  Satellite 
DAPP,  Showing  the  Cloud  System  Associated  With  the  Storm  of 
27  February  1973,  Approximately  16307 
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Time-altitude  cross  sections  are  shown  in  Figures  A7  and  A8  which  depict  the 
general  cloud  and  precipitation  structure  of  the  two  storms  that  passed  across  the 
Wallops  Island  location.  The  cross  sections  pertain  to  24-hr  periods  be^tinninK  at 
00  Z on  the  days  of  the  missile  firings,  and  ending  at  00  Z on  the  days  after  the 
firings.  Time  increases  from  right  to  left  across  the  abscissa  scales  of  the  figures 
and  the  particular  times  of  missile  launching  are  indicated  by  drafted  arrows.  The 
isotherms,  winds,  and  surface  weather  reports  are  also  shown  on  the  figures;  the 
latter  two  being  coded  in  accord  with  standard  meteorological  convention  (see 
Federal  Meteorological  Handbooks  of  Surface  and  Winds  Aloft  Observations,  Cir- 
culars N and  O,  U.S.  Department  of  Commerce,  Washington,  D.  C.  >. 

Aircraft  observations  and  measurements  were  obtained  for  both  storms  of  the 
197  2-7  3 season.  Two  aircraft,  the  A KOI^  C-130A  anci  the  MRI  (Meteorology  Re- 
search, Inc. ) Navajo,  were  flown  in  the  storm  of  2 February  1973.  .lust  the  Navajo 
aircraft  was  flown  in  the  storm  of  27  F'ebruary  1973.  .Summary  information  and 
certain  of  the  data  results  of  these  flights  are  presented  in  Appendices  F and  F. 

The  general  characteristics  of  the  two  storms  of  the  197  2-73  season  may  be 
summarized  as  follows: 

The  storm  of  2 February  197  3 was  associated  with  a cold-frontal  occlusion.  The 
primary  low  center  at  the  surface  level  at  the  launch  times  of  the  two  missiles  fired 
on  this  day  was  located  in  central  Michigan.  The  cold  front  extended  outward  from 
this  low  center  and  passed  through  Lake  Krie,  central  West  Virginia,  and  eastern 
Georgia.  The  warm  front  at  the  surface  level  began  in  southern  Virginia  and  ex- 
tended northeastward  through  New  .lersey  and  Massachusetts.  This  warm  front,  at 
the  firing  times  of  the  missiles,  was  located  about  1.50  miles  WNW  of  Wallops  Island. 

The  cloud  shield  associated  with  the  storm  was  very  extensive,  as  can  be  seen 
from  Figures  A3  and  A4.  The  clouds  covered  most  of  the  eastern  seaboard  from 
Florida  to  Maine  and  had  an  east-west  extent  of  some  500  miles,  or  so. 

The  storm  top  at  the  launch  times  of  the  missiles  was  about  33,000  feet.  The 
top  structure  was  uniform  and  the  interior  of  the  storm  was  very  homogeneous  in 
character,  at  least  down  to  the  base  level  of  the  melting  layer  at  9200  ft  (2.  8 km). 
Below  the  melting  layer,  in  the  rain  region,  there  were  streamers  of  precipitation 
that  caused  the  surface  rain  rates  to  be  somewhat  variable  in  space  and  time  (from 
about  2 to  6 mm  hr  ' during  the  general  pre-launch  period  of  the  missiles,  see 
Appendix  D).  This  storm,  except  for  the  variability  in  the  rain  region,  was  the 
most  homogeneous  one  of  all  previous  Wallops  storms  of  .SAMS  missile  launchings. 
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Figure  A7.  Time-Altitude  Cross-Section  for  the  Wallops  Storm  of  2 February 
1973,  for  the  Time  Period  00  GMT  to  2400  GMT.  The  time-height  cross-section 
depicts  a vertical  section  through  the  storm  as  it  passed  over  the  Wallops  Island 
area.  Although  not  all  of  the  data  used  to  perform  the  analysis  of  the  cross- 
section  are  shown,  certain  of  the  more  pertinent  data  are  plotted.  The  wind 
direction  and  speed,  the  ambient  temperatures,  and  the  dew-point  temperatures, 
taken  from  the  radiosonde  data  are  plotted.  Isotherms  for  each  10*C  are  shown 
plotted  as  dashed  lines.  Cloud  coverage  and  types,  frontal  zones,  squall  lines, 
precipitation  areas,  and  type  and  hydrometeor  type  are  also  entered.  The 
numerical  values  shown  in  addition  to  the  radiosonde  values  represent  average 
liquid -water -contents  (in  gm/m^)  within  the  clouds.  The  three-hourly  synoptic 
data  are  shown  plotted  beneath  the  cross  section 
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Figure  A8.  Time-Altitude  Cross-Section  for  the  Wallops  Storm  of  27  February 
1973,  for  the  Time  Period  00  GMT  to  2400  GMT.  The  time-height  cross-section 
depicts  a vertical  section  through  the  storm  as  it  passed  over  the  Wallops  Island 
area.  Although  not  all  of  the  data  used  to  perform  the  analysis  of  the  cross- 
section  are  shown,  certain  of  the  more  pertinent  data  are  plotted.  The  wind 
direction  and  speed,  the  ambient  temperatures,  and  the  dew-point  temperatures, 
taken  from  the  radiosonde  data  are  plotted.  Isotherms  for  each  10*C  are  shown 
plotted  as  dashed  lines.  Cloud  coverage  and  types,  frontal  zones,  squall  lines, 
precipitation  areas,  and  type  and  hydrometeor  type  are  also  entered.  The 
numerical  values  shown  In  addition  to  the  radiosonde  values  represent  average 
liquid -water -content  (in  gm/m3)  within  the  clouds.  The  three-hourly  synoptic 
data  are  shown  plotted  beneath  the  cross-section 


35 


The  precipitation  nren  of  the  storm  at  the  surface  level  at  the  synoptic  scale 
(see  Figure  All  was  widespread  and  virtually  continuous  along  the  entire  Atlantic 
seaboard,  l,ight  rain  began  at  Wallops  at  about  0515  FST  at  an  average  rate  of 
0.5  mm  hr’*.  The  rain  rate  intensified  to  2 mm  hr’*  at  0625  lOST  and  to  4 mm  hr’* 
at  0715  EST.  The  rain  rate  remained  moderate  for  several  hours  thereafter, 
although  there  was  appreciable  variability,  as  shown  in  Figures  D2  and  03  of 

Appendix  D.  At  the  launch  time  of  the  first  missile,  at  0008:00  EST,  the  rain  rate 

- 1 -3 

was  3. 9 mm  hr  and  the  liquid-water-content  of  the  precipitation  was  0.  245  gm  m ‘ . 

At  the  launch  time  of  the  second  missile,  fired  30  sec  later,  the  rain  rate  was 

4.  2 mm  hr  ; the  llquld-water-content  was  0.  26  gm  m ‘ , 

The  rain  rates  at  the  launch  site  and  "South  site"  gauges  on  this  day  increased 
and  decreased  more-or-less  in  concert  with  time.  Thus,  the  horizontal  scale  of 
the  precipitation  streamers  in  the  rain  region  was  something  in  excess  of  the  one- 
half  mile  spacing  between  gauges.  (Radar  data,  see  Figures  R1  and  n2,  revealed  a 
spacing  of  the  order  of  one  mile.) 

The  second,  and  last,  storm  of  the  1972-73  season  occurred  on  27  February 
197  3.  The  storm  clouds  and  precipitation  occurred  behind  a cold  front  that  had 
passed  Wallops  about  2200  EST  on  26  February  1973.  The  front,  at  the  launch  times 
of  the  missiles,  was  oriented  NE-SW  and  was  located  about  100  miles  SE  of  Wallops, 
There  were  bands  of  cumulus  congestus  clouds  and  precipitation  behind  the  front  that 
roughly  paralleled  the  front  and  the  two  missiles  were  fired  into  one  of  the  largest, 
most-active  of  these  bands.  The  trailing  edge  of  a clrrostratus  deck  was  also  pre- 
sent above  the  lower,  cumuliform  clouds  at  the  launch  times  of  the  missiles.  Hence, 
the  missiles  penetrated  both  the  cumulus  congestus  clouds  of  the  precipitation  band 
and  the  overlying  ice  crystal  clouds  of  the  cirrus  deck.  (The  cumulus  congestus 
bands  and  overlying  cirrus  deck  can  be  seen  in  the  DAAP  photograph  of  Figure  A6. 
This  photograph  was  taken  about  6 hr  after  the  missile  launch  times  and  the  frontal 
displacement  during  the  intervening  period  is  estimated  to  be  about  as  indicated  by 
the  dashed  arrow  shown  drawn  on  the  photograph.  In  view  of  this  displacement,  and 
assuming  no  major  temporal  changes,  the  cloud  situation  over  Wallops  at  the  launch 
times  would  presumably  have  been  approximately  that  illustrated  at  the  pjint  "0", 
also  shown  drafted  on  the  photograph.) 
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The  radar  RHI  diagrams  and  photographs  for  27  February  1973,  which  were 
taken  during  the  general  launch  period  (see  Appendix  B),show  that  the  echo  structure 
of  the  clouds  and  precipitation  was  quite  vari'^ble  in  space  and  time.  Convective 
cells  were  present  which  had  appreciable  vertical  development.  The  missiles  were 
fired  into  a trough  between  convective  cells.  The  cloud  top  at  the  exit  points  was 
about  21,  000  feet.  The  missiles  next  passed  'hrough  a clear-air  layer  (as  best 
could  be  ascertained)  and  then  intersected  the  cirrostratus  deck  in  the  altitude  range 
25,  000  to  28, 000  feet.  The  surface  rain  rate  it  the  time  the  first  missile  was  fired, 
at  0540:00  EST,  was  1.  3 mm  hr*^  and  the  liquid-water-content  of  the  precipitation 

_3 

was  0.095  gm  m . These  same  rain-rate-  and  liquid-water-content  values  also 
prevailed  at  the  time  of  the  second  missile  firing  30  sec  later. 

It  should  be  noted  that  the  time  cross-section  of  Figure  A8  fails  to  depict  the 
details  of  the  storm  situation  of  27  February  1972.  The  convective  nature  of  the 
situation  is  not  indicated  and  the  clouds,  at  least  near  the  launch  times,  are  incor- 
rectly identified  as  nimbostratus,  rather  than  cumulus  congestus. 
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Appendix  B 


Radar  Structural  of  tha  Storim  at  the  MiHila  Launch  Timat 


The  radar  equations  and  measurement  techniques  used  in  the  SAMS  rain  ero- 
sion program  at  Wallops  Island,  Virginia  were  summarized  in  R No.  1.  The  radar 
and  video-integration  procedures  employed  during  the  1972-73  season  were  indi- 
cated in  Section  4.  3 of  that  report.  The  calibration  methods  were  explained  in 
Sections  3.  3 and  3.4  and  calibration  data  for  the  1972-73  season  were  supplied  in 
Tables  4,  6 and  9. 

Photographic  and  tape-recorded  video-integration  data  were  obtained  with 
the  FPS-18  radar  for  both  of  the  missile-launch  storms  of  the  1972-73  season.  The 
Polaroid  RHI  photographs  for  the  first  storm  of  2 February  1973  were  unusable, 
however,  because  of  integrator  problems;  hence  all  launch  period  information  for 
this  storm  had  to  be  acquired  from  the  tape-recorded  data.  Good  quality  data  of 
both  types,  photographic  and  recorded,  were  acquired  for  the  second  storm  of  27 
February  1973. 

The  tape  recorded  data  were  processed  by  computer  and  "reconstructed  RHI  dia- 
grams" were  produced  for  the  radar  antenna  sweeps  made  just  prior  to  the  missile 
launchings  and  during,  or  just  after,  the  launchings.  These  diagrams  for  the  storm 
of  2 February  are  shown  in  Figures  B1  and  B2.  The  diagrams  for  the  storm  of  27 
February  are  shown  in  Figures  B3  and  B4.  The  trajectory  paths  (approximate)  of 
the  first  missiles  fired  into  the  storms  are  indicated  on  the  first  of  the  respective 
figures;  the  trajectory  paths  of  the  second  missiles  are  indicated  on  the  second 
figures. 
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Figure  Bl.  RHI  Diagram  With  Colored,  Contoured  Regions 
of  5 dB  Signal  Differential  Which  Illustrate  the  Radar  Struc- 
ture of  the  Storm  of  2 February  1973  in  the  146°  Azimuth 
Direction  About  30  sec  Prior  to  the  Launch  Time  of  the  First 
Missile  Fired  on  This  Day,  The  approximate  trajectory 
path  of  the  missile  is  indicated  by  the  arrow.  The.T.and  dBZ 
values  of  the  nine  signal  levels  of  the  color  code  are  speci- 
fied in  Table  Bl 
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Figure  B2,  RHI  Diagram  With  Colored,  Contoured  Regions 
of  5 dB  Signal  Differential  Which  Illustrate  the  Radar  Struc- 
ture of  the  Storm  of  2 February  1973  in  the  146*  Azimuth 
Direction  at  About  the  Launch  Time  of  the  Second  Missile 
Fired  on  This  Day.  The  approximate  trajectory  path  of 
the  missile  is  indicated  by  the  arrow.  The.T.  and  dBZg 
values  of  the  eight  signal  levels  of  the  color  code  are 
specified  in  Table  B1 
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Figure  B3.  RHI  Diagram  With  Colored,  Contoured 
Regions  of  5 dB  Signal  Differential  Which  Illustrate 
the  Radar  Structure  of  the  Storm  of  27  February  1973 
in  the  146°  Azimuth  Direction  at  About  the  Launch 
Time  of  the  First  Missile  Fired  on  This  day.  The 
approximate  trajectory  path  of  the  missile  is  indi- 
cated by  the  black  line.  The  dBZg  values  of  the  color 
I ode  (the  "water  equivalent"  Z values  in  dB)  pertain 
specifically  to  the  boundary  lines  separating  the 
colored  regions 
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Figure  B4.  R HI  Diagram  With  Colored,  Contoured 
Regions  of  5dB  Signal  Differential  Which  Illustrate 
the  Radar  Structure  of  the  Storm  of  27  February  1973 
in  the  146°  Azimuth  Direction  About  1 min  and  30  sec 
After  the  Launch  Time  of  the  Second  Missile  Fired 
on  This  day.  The  approximate  trajectory  path  of  the 
missile  is  indicated  by  the  black  line.  The  dBZg 
values  of  the  color  code  (the  "water  equivalent" 

Z values,  in  dB)  pertain  specifically  to  the  boundary 
lines  separating  the  colored  regions 
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No  additional  RHI  information  (other  than  presented  in  Figures  B1  and  B2)  is 
available  to  illustrate  the  radar  structure  of  the  storm  of  2 February  1973.  Com- 
puter RHI  diagrams  were  prepared  only  for  the  missile  launch  times.  No  useable 
Polaroid  photographs  were  acquired  for  the  storm. 


Table  Bl.  Color  code  of  Signal  Intensity  Used  With 
the  Computer  RHI  Diagrams  of  Figures  Bl  and  B2. 
The  values  of  integration  signal  are  dB  above 
-92.  3aBm.  The  values  are  the  "water 
equivalent"  values  of  Z.  in  dB 


Signal 

Level 

dB  Range  of  Signal  Level 

JL 

dB 

dBZ^ 

dB 

45. 8-47 

3.  2 to  4.4 

47-52 

4.4  to  9.4 

52-57 

9.4  to  14.4 

57-62 

14.4  to  19.4 

5 

62-67 

19.4  to  24.4 

6 

67-74 

24.4  to  31.4 

7 

74-79 

31.4  to  36.4 

8 

79-84 

36.4  to  41.4 

9 

84-89 

41.4  to  46.4 

10 

89-94 

46.4  to  51.4 

Polaroid  RHI  photographs  for  the  storm  of  27  February  are  shown  in  Figures 
B5  through  B7.  Photographs  for  the  missile  launch  times  are  presented  in  Figure 
B5.  These  photographs  pertain  to  the  same  times.  th?t  is,  to  the  same  upsweep- 
downsweep  scans  of  the  radar  antennat  as  the  RHI  diagrams  of  Figures  B3  and  B4. 
The  trajectory  paths  of  the  missiles  across  the  photographs  are  indicated.  The 
threshold  settings  of  the  video  integrator  and  the  "gray  scale  shading  information" 
pertaining  to  the  photographs  are  noted  in  Table  B2. 

The  photographs  o^  Figure  B7  illustrate  the  general  echo  conditions  that  pre- 
vailed along  the  launch  azimuth  on  27  February  during  the  period  of  aircraft  mea- 
surements following  the  missile  firings.  The  first  photograph  illustrates  the  typical 
conditions  at  a time  about  mid -way  through  the  aircraft  measurement  period.  The 
second  reveals  the  conditions  at  a time  near  the  end  of  the  aircraft  measurement 
period. 
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Figure  B5.  RHl  Photographs  Obtained 
With  the  FPS-18  Radar  on  27  February 
1973  at  the  I.aunch  Times  of  the  Two 
Missiles  Fired  on  This  Day,  The  first 
missile  was  launched  at  1040:00  GMT: 
its  trajectory  path  is  indicated  by  the 
arrow  of  the  upper  photograph.  The 
second  missile  was  launched  at  1040;30; 
its  trajectory  path  is  shown  by  the  arrow 
of  the  lower  photograph.  The  photographs 
were  obtained  using  video  integration  of 
the  gray  scale  type  "45-U-70",  specified 
in  Table  B2 


Figure  B6.  RHI  Photographs  Obtained 
With  the  FPS-18  Radar  on  27  February 
1973  Which  Were  Taken  in  the  Launch 
Direction  Approximately  6 min  Before 
Launch  (upper  photograph)  and  5 min 
After  Launch  (lower  photograph).  See 
Table  B2  for  specification  of  the  type  of 
gray-scale  integration  used  (45-11-70) 
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Figure  B7.  RHI  Photographs  Obtained 
With  the  FPS-18  Radar  on  27  February 
1973  Which  Were  Taken  in  the  Launch 
Dire'tion  at  the  Approximate  Mid-Time 
Point  of  the  Aircraft  Measurement 
Period  (upper  photograph)  and  Near  the 
End  of  the  Aircraft  Measurement  Period 
(lower  photograph).  See  Table  B2  for 
specification  of  the  type  of  gray  scale 
integration  used 


Table  B2.  Shading  Code  Used  With  the 
Video- Integrated  RHI  Photographs  of 
Figures  B5  through  B7.  The  dB  values 
listed  are  dB  above  -92.  3 dBm 


Gray  Shade 
on  RHI 
Photograph 

Threshold  Signal  Levels 
Employed  for  Gray  Scale 
Type  45-U-70 
dB 

Black 

*45 

Dark  Gray 

55 

Light  Gray 

65 

White 

70 

Black 

75 

Dark  Gray 

80 

Light  Gray 

>80 
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The  radar  structure  of  the  two  storms  of  the  1972-73  season  may  be  summarised 
as  follows: 

The  echo  structure  of  the  storm  of  2 February  1973,  as  shown  by  Figures  B1 
and  B2,  was  quite  uniform  and  horizontally  homogeneous  during  the  launch  period 
of  the  missiles,  particularly  in  the  upper  portions  of  the  storm  above  the  bright 

band.  The  storm  top  was  located  at  33,000  ft  (10.  06  km),  from  observations  made 

1^1 

from  the  AFGL  C-130A  aircraft.  The  radar  echo  tops  (AT PVITS)  extended  to 
about  24,  000  ft  (7.  3 km).  The  base  level  of  the  bright  band  in  the  storm  ranged 
from  about  9100  to  9800  ft  (2. 8 to  3. 0 km);  the  top  level  varied  from  about  9800  to 
10, 500  ft  (3.  0 to  3.  2 km).  Sloping  "echo  streamers"  existed  in  the  rain  region 
below  the  bright  band,  some  of  which  extended  from  the  base  of  the  bright  band  to 
the  surface  level.  It  can  be  seen,  with  reference  to  Figure  Bl,  that  the  first 
missile  launched  on  2 February  passed  through  a portion  of  one  of  the  smaller  of 
these  streamer  echoes.  This  explains  the  maximum  of  liquid- water- content  that  is 
shown  at  about  the  1.  8 km  level  in  the  profile  plot  of  Figure  1 of  the  main  text.  The 
second  missile,  see  Figure  B2,  also  passed  through  a small  echo  region  having 
signal  intensities  larger  than  the  surroundings.  This  caused  the  maximum  of  liquid- 
water- content  shown  near  the  0.  5 km  level  in  the  profile  plot  of  Figure  2. 

The  radar  echo  structure  of  the  storm  of  27  February  1973  was  considerably 
different  than  that  of  2 February.  The  storm  portion  that  passed  Wallops  at  launch 
time  was  essentially  a squall  line  and  there  was  substantial  spatial-temporal  vari- 
ability of  the  radar  echo  patterns  both  within  the  squall  line  and  associated  with  its 
passage  across  the  146  ^ launch  plane  of  the  missiles.  The  missiles  were  fired  into 
a trough  between  convective  cells.  The  cloud  tops,  in  the  trough  at  the  missile  exit 
points,  were  about  6.5  km  (21,000  ft).  There  was  an  apparent  clear  region,  devoid 
of  detectable  radar  echo,  along  the  trajectory  paths  of  the  missiles  in  the  altitude 
zone  from  about  6.  5 km  to  7.6  km  (25,000  ft).  Above  this,  likewise  along  the  tra- 
jectory paths,  there  was  an  overlying  cirrus  deck,  with  top  estimated  to  be  about 
8.5  km  (28,000  ft).  This  estimate  was  obtained  from  specially-processed  radar 
data.  It  could  not  be  verified  by  aircraft  observation,  since  the  ceiling  altitude  of 
the  MRI  Navajo  aircraft  was  only  about  23, 000  feet. 

A radar  bright-band  was  present  at  the  launch  time  of  the  missiles  which  had 
a base  variable  from  about  3 to  4 km  (9800  to  13, 000  ft)  and  a top  ranging  from 
about  5 to  6 km  (16,400  to  19,700  ft). 

The  echo  structure  of  this  storm  changed  appreciably  along  the  146°  azimuth 
direction  from  the  time  of  the  missile  launchings  until  the  end  of  the  aircraft 


ATPVITS  stands  for  "at  the  particular  video-integrator  threshold  settings".  The 
echo  tops  of  the  storm  will  be  higher  or  lower,  within  an  approximate  5 dB  signal 
sensitivity  range,  dependent  on  the  threshold  settings  and  dB  spacing  of  the  parti- 
cular "integration  gate",  or  "gray  scale  level";  which  is  the  receptor  of  the 
weakest  storm  signals  of  minimum  detectability. 
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measurement  period  following  the  launchings.  This  ran  be  seen  by  comparing  Fig- 
ure R7  with  Figures  B5  and  B6,  The  radar  echo  tops  of  the  storm  clouds 
(ATPVITS)  varied  considerably  throughout  the  period,  dependent  on  which 
convective  clouds  of  the  storm  band  were  intersected  by  the  radar.  In  general, 
though,  the  echo  tops  decreased  during  the  aircraft  measurement  period  and  the 
intensity  of  the  radar  echoes  also  decreased.  There  was  little  correlation  or  con- 
sistency between  the  echo  patterns  present  at  launch  time  and  those  present  later 
on.  It  may  be  reported  that  the  MRl  Navajo  aircraft  on  this  day  was  barely  able 
to  make  measurement  passes  and  descend  rapidly  enough  to  "keep  up  with"  the 
advective  or  dissipative  diminishment  of  the  cloud  top  altitudes  along  the  146° 
azimuth  line  of  the  measurements.  Consequently,  the  aircraft  measurements, 
level  for  level  within  the  storm,  were  generally  made  in  regions  of  less  intense 
radar  signal  than  had  been  present  at  the  firing  times  of  the  missiles.  The  mea- 
surements were  simply  non- representative  of  the  launch  time  conditions. 
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Appendix  C 


Computation  of  Hydromataor  Parwnattn  from  th« 

Radar  Data 


The  trajectory  values  of  the  radar  integration  signal,  JT,,  in  the  197  2-73  season, 
were  obtained  from  computer-processed  RH!  diagrams  that  were  acquired  from 
tape-recorded  video-integrator  data  for  the  radar  antenna  sweeps  made  immediately 
before  and  after  the  missile  launchings.  These  diagrams  and  the  methods  whereby 
the  trajectory ^T,  values  were  determined  from  the  diagrams  were  discussed  and 
illustrated  in  R No.  1. 

Portions  of  the  RHI  diagrams  for  the  four  missile  launches  of  the  1972-73 
season  are  presented  in  Figures  Cl  and  C2  which  show  the  detailed JT,  signal- 
structure  of  the  Wallops  storms  in  the  immediate  vicinity  of  the  trajectory  paths  of 
the  missiles.  The  paths  are  shown  superimposed  over  colored,  contoured  regions 
of  1 dB  signal  differential.  The  diagrams  reveal  the  micro- structure  that  v/as  in- 
tercepted by  the  missiles  during  their  travel  from  the  launch  pad  to  near  the  storm 
top  level.  It  should  be  noted  that  the  clouds  and  hydrometeors  of  the  storm  of  2 
February  1973  extended  continuously  upward  from  the  surface  to  a storm  top  level 
of  33, 000  feet.  In  the  storm  of  27  February,  on  the  other  hand,  the  missiles  were 
fired  through  a particular  convective  element  of  the  storm,  which  at  the  time  of 
firing,  and  along  the  trajectory  lines,  had  a top  at  about  19,  500  ft  that  was  sur- 
mounted by  a cirrus  layer  that  extended  from  about  26, 000  ft  to  29, 000  feet.  It  was 
presumed,  from  the  MRI  Navajo  observations,  and  from  the  fact  that  the  radar  re- 
turns were  below  the  minimum  detectable  by  the  video  integrator,  that  the  layer  be- 
tween 19,500  ft  and  26,000  ft  was  a "clear  layer". 
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Figure  Cl.  Portions  of  the  RHI  Dlaerams  for  the  Two  Missile  Launches  of  2 Feb- 
ruary 1973  Which  Show  the  DetailedX  Signal-Structure  of  the  Storm  in  the  Immediate 
Vicinity  of  the  Trajectory  Paths.  The  paths  are  shown  superimposed  over  colored, 
contoured  regions  of  1 dB  signal  differential.  The  dBZe  (the  "water  equivalent"  Z 
values,  in  dB)  are  related  to  theX  values  of  the  color  code  by  a dB  constant  of 
-42.5.  In  other  words,  X -42.5  = dBZ^ 
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Figure  C2.  Portions  of  the  RHI  Dia^ams  for  the  Two  Missile  Launches  of  27  Feb- 
ruary 1973  Which  Show  the  Detailed^  Signal-Structure  of  the  Storm  in  the  Immediate 
Vicinity  of  the  Trajectory  Paths.  The  paths  are  shown  superimposed  over  colored, 
contoured  regions  of  1 dB  signal  differential.  The  dBZ^  (the  "water  equivalent"  Z 
values,  in  dB)  are  related  to  thejl  values  of  the  color  code  by  a dB  constant  of 
-42.3,  III  other  words,  iT,  -42.3  = dBZ_ 
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The  particular  "pf'oHle  values"  ofJT]  that  existed  aloni;  the  trajectory  lines  of 
the  missiles  are  shown  In  Figures  C3  through  C?8.  The  solid,  middle  portions  of 
the  profiles  show  the  values  that  were  determined  from  the  RHI  diagrams  within 
those  altitude  regions  of  the  storms  extending  from  above  the  radar  ground-clutter- 
layer  near  the  surface  level  to  the  storm  altitudes  aloft,  where  ihej^  values  be- 
came minimum  detectable.  The  dashed  portion  of  the  profiles,  at  the  bottom,  show 
thej£  values  which  are  presumed  to  be  representative  of  the  ground  clutter  layer 
(with  the  non -hydrometeor,  clutter-part  of  the  signal  eliminated)  and  which  are  also 
consistent  with  the  measured  precipitation  rates  at  the  launch  times  of  the  missiles 
(see  R No.  2).  The  dotted  portions  of  the  profiles,  at  the  top,  show  the^  values  that 
were  assumed  to  apply  to  the  uppermost  part  of  the  missile  trajectories  where  the 
radar  returns  were  below  the  minimum  detectable  by  the  video  integrator.  (A  linear 
decrease  of  with  altitude  was  assumed  for  the  storm  of  2 February  1973,  from 
the  altitude  points  of  first  minimum  rietectablllty  to  the  storm  top  altitudes,  as  dis- 
cussed In  R No.  2.  The,T,  values  for  the  upper  cirrus  layer  for  the  storm  of  27 
February  1973  were  obtained  by  "special  processing"  of  the  recorded  radar  data, 
as  also  discussed  in  R No,  2.  It  should  be  emphasized  that  the. T.  values  for  this 
upper  cirrus  layer— those  shown  in  Figures  C5  and  C6,  and  listed  In  Tables  C3  and 
C4— are  the  maximum  possible  values.  The  actual  values  are  something  Indeter- 
minately smaller  than  these  maxima. ) 

Two  abscissa  scales  have  been  drafted  on  the  diagrams  of  Flgu.*es  C3  through 
C6,  The  second,  lower  scale  indicates  the  decibel  values  of  the  radar  volume 
reflectivity,  ^ , defined  in  R No.  1.  The  scales  ofj^and^  are  related  as  des- 
cribed by  Eq.  (47)  of  R No.  1.  The  scale  relationships  differ  from  one  storm  day 
to  another,  dependent  on  the  calibration  constants  of  the  radar. 

Profiles  of  the  radar  reflectivity  factors  and  Zj,  for  water  and  ice  hydro- 
meteors, are  presented  in  Figures  C7  through  I'lO.  The  profile  values  were  com- 
puted from  those  of. T.  using  Eqs.  (70)  and  (71),  of  R No.  1.  The  melting  /one  of 
the  storms  are  indicated  in  the  figures  and  both  the  Z.^  and  Zj  profiles  are  shown 
extended  across  the  zones.  The  reflectivity  factor  is  indeterminant  within  the 
melting  zone,  as  explained  in  R No,  1,  pp  66,  but  the  two  profiles  provide  some 
indication  of  this  indeterminancy. 

The  hydrometeor  regions  and  transition  zones  of  the  Wallop's  storms  of  the 
1972-73  season  are  identified  in  Figures  Cll  through  C'14.  The  regions  and  zones 
for  the  storm  of  2 February  1973  were  determined  from  measurements  and  obser- 
vations made  from  the  AFGL  C-130A  aircraft  (see  Appendix  E).  The  regions  and 
zones  for  the  storm  of  27  February  1973  were  established  from  the  observations  of 
the  MRI  Navajo  aircraft  (see  Appendix  F).  Radiosonde  temperatures  and  radar 
data  were  also  used  in  decisions  regarding  the  altitude  limits  nf  the  different  regions 
and  zones.  The  symbol  code  used  in  Figures  Cll  through  C14  (also  in  Tables  Cl 
through  C4)  was  specified  in  Table  2,  R No.  2.  Rain  is  "R";  large-snow  is  "IJ?"; 
small-snow  is  "SS";  ice-crystals  are  "C",  The  subscripts  indicate  the 
observed  or  assumed  types  of  these  hydrometeors. 
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Figure  CS.  i'rofiles  of  the  Ha  lHr  Integration 
Signal,  ^uppPr  absrissa  Koale),  ami  of  the 
Ra<iar  Volume  Keflertivitv,  ,_tJj  (lower  abscissa 
scale  I for  the  Missile  Traiertorv  of  Flight 
No.  Q2-6362  (Unit  No,  R487103i  of  27  February 
1P73,  l.aunched  at  1040:00  CMT.  The  missile 
was  launched  through  a convective  cell  which 
had  a top  at  approximately  6.5  km.  There  was 
a presumed  clear  layer  between  6.  5 km  and 
7,  6 km,  with  an  overlying  cirrus  deck  between 
7.  6 km  and  8.5  km.  It  should  be  noted  that 
theXlvalues  for  the  cirrus  deck,  shown 
dotted,  were  obtained  by  special  processing 
of  the  recorded  radar  data.  They  are 
maximum  values.  The  actual  values  are 
something  indeterminately  smaller 
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for  tho  \Iissilo  I' l a lootoi'v  of  I’lif’hl  No.CJL’ -6:t6  t 
(I  nit  \o,  K4K710-) > of  27  I'ohiMiafv  | aiim  hoil 

at  1040:20  (IM  T.  Tlio  niissiU*  was  lannclioil  thi'oiigh 
a ionvooti\e  l oll  wtiioh  hail  a lop  at  appi’oxiniatolv 
G,  a kill.  I'horc  was  a presunicil  oloai"  lavoi-  hotw  eon 
6.  a kill  ami  7.6  km.  witli  an  ovorlvinp  rirrus  (look 
hotweon  7,6  km  ami  11,8  km.  It  should  be  i,  'led  tliat 
thoJLvaUios  for  the  oirrus  (look,  stiown  ilottod, 
were  obtained  hv  speoial  prooessinn  of  the  reconled 
radar  data,  Thev  are  maxiiiuini  values.  I'he  actual 
values  ai’e  someihinK  indeterminaielv  smaller 
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This  information  about  the  hydrometeor  regions  within  the  storms,  combined 
with  the  Table  1 information  concerning  the  I’  vs  /.  equations  pertaining  to  the  par- 
ticular hydrometeor  types,  permitted  the  trajectory  profiles  of  precipitation  rate, 

I’,  to  be  computed  from  the  and  Zj  profiles  of  Kigures  C?  through  CIO.  The 
techniques  were  described  in  Section  4.  5 of  H No.  2.  The  resultant  profiles  of  P 
are  shown  in  Figures  ('ll  through  C'14. 

'I  he  trajectory  values  of  the  liquid-water-content,  M,  and  of  the  integral  of 
liquid-water-content,  /M  dlt^,  which  were  presented  in  Figures  1 through  4 of  the 
main  text,  were  computed  from  the  /.  profiles  of  I''igure8  C7  through  CIO,  utilizing 
procedures  that  were  also  described  in  Section  4.  5 of  It  No.  2. 

The  numerical  data  for  all  of  the  profiles  shown  in  Figures  C3  through  C14,  and 
Figures  1 through  4,  are  listed  in  Tables  Cl  through  C4.  The  altitudes  of  the  data 
points  are  identified  in  these  tables  and  the  radiosonde  temperatures  are  indicated. 
TheJ^  •lUj*  ^'i'*  r*.  M nod  |m  dlt^  values  are  tabulated  for  each  altitude. 

These  are  listed  under  the  table  sections  labeled  "radar  measured  parameters". 

The  tables  additionally  list  the  cloud  liquid-water-content  values,  w,  measured  by 
the  Johnson  Williams  instruments  of  the  C-130A  and  Navajo  aircraft,  which,  in  our 
judgement,  best  typify,  or  bound,  the  cloud  conditions  along  the  missile  trajectories 
at  the  launch  times.  The  last  columns  of  the  tables  give  the  values,  or  value  limits, 
of  the  total  liquid-water-content,  contributed  by  both  the  precipitation-size  drops  or 
particles  plus  the  cloud-size  drops  of  liquid  form,  either  warm  or  superrooled. 

There  is  an  unresolved  problem  of  nomenclature  in  Tables  Cl  through  C4  that 
should  be  noted  (as  it  was  noted  in  R No.  3).  The  radar,  in  the  rain,  large-snow 
and  small-snow  regions  primarily  detects  drops  or  snow  particles  of  precipitation 
size  and  the  liquid-water-content  values  for  these  regions  are  listed  in  Tables  Cl 
through  C4  under  the  columns  labeled  "M".  The  radar,  in  the  ice  crystal  region, 
however,  detects  particles  which,  at  least  in  terms  of  their  equivalent  melted 
diameters,  are  partly  in  the  cloud-size  range.  F-'or  this  reason,  the  liquid-water- 
content  values  for  ice  crystals  are  listed  in  a separate  column  of  the  tables,  labeled 
"ice  cloud". 

Note  Concerning  a Changed  Analytical  Assumption 

Since  this  appendix  is  concerned  with  the  computation  of  the  hydrometeor 
parameters  from  radar  data,  it  is  appropriate  to  mention  a particular  analytical 
chance  that  differs  from  that  described  in  R No.  2.  The  change  concerns  the  method 
whereby  the  liquid-water-content,  or  M,  values  were  determined  for  the  ice-crystal 
to  small -snow  transition  zone  and  for  the  small -snow  to  large-snow  transition  zone. 
In  R No.  2 it  was  stated  that  the  orecipitation  rate  was  assumed  to  be  linearly  vari- 
able through  these  zones.  This  was  the  assumption  used  in  some  of  the  early, 
preliminary  storm  analyses  of  the  SAMS-I  through  SAMS-3  seasons.  However,  the 
assumption  was  chanced  for  the  final  storm  analyses  which  provided  the  tabular  and 
profile  values  of  M that  have  been  submitted  to  SAMSO  and  published  to  date. 
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With  the  rarly  assuntptlon  rlted  above,  the  radar-measured  values  of  7.  in  the 
two  transition  7onpH  were  not  used  in  the  analyses.  Only  the  7,  values  at  the  lower 
and  upper  boundarirs  of  the  7one8  were  used.  It  became  apparent  that  our  zone 
analyses  would  have  yreater  validity  if  we  made  use  of  the  radar-measured  7.  values 
in  the  7onea  and  simply  assumed  that  the  constant  and  exponent  of  the  M vs  7.  equa- 
tions were  linearly  variable  within  the  7onea  (between  the  equation  values  pertaining 
to  the  hydrometeor  region  below  the  zone  and  those  pertaining  to  the  hydrometeor 
region  above  the  zonel.  We  have  used  this  analytical  technique  in  all  of  the  final 
SAMS  data  provided  thus  far. 

It  should  be  emphasized  that  the  assumption  of  a linearly-variable  precipitation 
rate  is  still  used  in  our  analyses  of  the  melting  zone. 

The  author's  failure  to  note  the  changed  assumptions  about  the  two  mentioned 
transition  zones  has  apparently  caused  some  confusion  among  persons  who  have  tried 
to  repeat  our  results.  The  author  apologizes  for  this  oversight. 
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Table  Cl.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6360 
(Unit  No.  R487  101)  of  2 February  1973,  Launched  at  1408:00  GMT 
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Table  Cl.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6360 
(Unit  No.  R487101)  of  2 February  1973.  Launched  at  1408:00  GMT  (Conti 
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Table  Cl.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  Q2-6360 
(Unit  No.  R487  101)  of  2 February  1973.  Launched  at  1408:00  GMT  (Cont) 
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Table  Cl.  Tabulation  of  the  Numerical  V’alues  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-636C 
(Unit  No.  R487  101)  of  2 February  1973.  Launched  at  1408:00  GMT  (Cont) 
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32.  43  10.07 


Table  C2.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6361 
(Unit  No.  R487  102)  of  2 February  1973,  Launched  at  1408:30  GMT 
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Table  C2.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hvdrometeor  Parameters  for  Missile  Flight  No.  Q2-6361 
<Unit  No.  R487102)  of  2 February  1973,  Launched  at  1408:30  f:MT  (Cont) 
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Table  C3.  Tabulation  of  the  Numerical  Values  of  'he  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6362 
(Unit  No.  R487  103)  of  27  February  1973,  Laur.rhed  at  1040:00  GMT.  Note  that  the  parameter  values  for  the  upper  cirrus 
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Table  C3.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6362 
(Unit  No.  R487  103)  of  27  February  1973,  Launched  at  1040:00  GMT  (Cont) 
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Table  C3.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6362 
(Unit  No.  R487103)  of  27  February  1973,  Launched  at  1040:00  GMT  (Cont) 
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Table  C4.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6363 
(Unit  No.  R487t04»of  27  February  1973,  Launched  at  1040:30  OMT  (Cont) 
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Table  C4.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6363 
(Unit  No.  R487  104)  of  27  February  1973.  I.aunched  at  1040:30  GMT  (Cont) 
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Table  C4.  Tabulation  of  the  Numerical  Values  of  the  Radar  and  Hydrometeor  Parameters  for  Missile  Flight  No.  Q2-6363 
(Unit  No.  R487  104>of27  February  1973,  Launched  at  1040:30  GMT  (Conti 


Appendix  D 

Pracipitation  Maaturamanti  at  tha  Surfaoa  Laval 

m.  SI  RKXCK  MKXSLRKMKM  SOK  PRKCIPII  R \TK 

\M)  l.iyi  IIM»  \TKR CdM'KM 

The  precipitation  rate  (rain  rate)  at  the  launch  site  of  the  missiles  and  in  the 
nearhv  vicinity  was  measured  by  tipping-bucket  and  weighing  gauges  and  was  also 
determined  indirectly  from  disdrometer  instruments,  as  explained  in  11  No.  1 and 
H No.  2.  The  sites  of  the  measurements  are  indicated  in  Figure  Dl, 

The  precipitation- rate  and  liquid-water-content  values  measured  by  the  two 
disdrometer  instruments  (Numbers  1 and  .1)  located  at  the  launch  site  are  shown  by 
the  time  plots  of  Figures  1)2  and  1)4.  The  plots  of  the  first  figure  pertain  to  the 
storm  of  2 February  those  of  the  second  figure  pertain  to  the  storm  of  27  I'eb- 

ruary  107d.  The  plots  are  for  3-hr  periods  centered  approximately  about  the  launch 
times  of  the  missiles.  The  launch  times  are  indicated. 

The  ordinate  scales  at  tlie  left  in  these  figures  give  the  precipitation  rate  (IM, 
in  mm  hr  . The  ordinate  scales  at  the  right  give  the  liquid-water-content  of  the 

-3 

precipitation  (M),  in  gm  m '.  The  M and  F scales  are  related  by  the  power-function 
equations  that  are  shown  drafted  at  the  lower  right  in  each  of  the  diagrams.  These 
equations  were  determined  from  regression  analyses  (non-linear)  that  were  per- 
formed on  the  size-distribution  data  acquired  from  the  disdrometers  (see  H No.  1, 

H No.  2,  and  11  No.  (1).  The  equations  differ  somewhat,  due  to  the  different  rain- 
rates  sensed  by  the  tipping-bucket  instruments  as  opposed  to  the  disdrometers. 
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I preceding  PaM  BUJK-NOT  flLMBD 


Kipure  1)1.  Map  Showini!  Sitini;  l.ocatinnsj  of  Rain  (iauges  and 
Disdronieters  Relative  to  the  Missile  I.aunrh  Pa<is 
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LAUNCH  TIMCS 


Figure  1)2.  Time-Plots  of  Precipitation  Rate  and  l.iqiiid-W ater-Content  at  the 
Surface  Level  for  the  :i-hr  Period  Centered  About  the  l aunch  Times  of  the 
Missiles,  From  Disdrometer  Data  Acquired  at  the  l aunch  Site  on  2 February  P>73 

The  precipitation  rates  and  liquid-water-content  values  that  were  measured  by 
(or  determined  from)  the  tipping-bucket  gauges  at  the  launch  site  and  at  the  so- 
called  "South  Site  " [(located  approximately  one-half  mile  south  of  the  launch  site 
(see  Figure  D1  j are  shown  by  the  time  plots  of  Figures  1)3  and  1)5.  The  plots  of  the 
first  figure  pertain  to  the  storm  of  2 February;  those  of  the  second  figure  pertain 
to  the  storm  of  27  February.  The  upper  diagrams  in  each  figure  show  the  plots  for 
the  tipping-bucket  gauge  located  at  the  launch  site.  The  lower  diagrams  show  the 
plots  for  the  gauge  located  at  the  South  Site.  Ordinate  scales  of  both  P and  M have 
been  drafted  on  these  diagrams,  as  in  the  case  of  the  disdrometer  diagrams.  The 
equations  of  relationship  are  noted.  (It  might  be  mentioned  that  these  equations  are 
based  on  the  combined  data  for  the  two  disdrometers  at  the  launch  site. ) 

*Tipping-bucket  gauges  were  also  operated  at  the  NorthSiteand  the  RARFSite  shown 
on  the  map.  These  gauges  were  of  a non-standard  type,  however,  and  there  were 
associated  data  analysis  problems.  The  data  were  never  reduced  to  final  form  for 
presentation. 
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launch  TcMES 


I igure  f)3.  Time- riots  of  I’rccipit  ition  H.ito  .mfl  I iqiiirt-U  :iter-Content  .it  the 
''iirfaco  I.pvel  for  the  'l-hr  I'eriod  Centered  Abfxit  the  ! iiinch  Times  of  the 
Missiles,  f rom  Tipping- Hnrket  l>:it  i Xeqiiirert  at  the  I aiineh  ''ite  .and  South  Site 
on  2 Tehniarv  1^'T't 


Vn  examination  and  comparison  of  Tigtires  1)2  .and  Dlt,  for  the  storm  of  2 Teh- 

ruam"  IhTl,  reveals  that  the  precipitation  rates  at  the  siirfaee  level  diirinc  the 

period  illustrated  ranged  generally  from  about  1 to  10  mm  hr  The  liquid- w.ater- 

-t 

contents  ranged  from  alKiut  0.  O'!  to  0.40  gm  m I he  figures  also  reveal  that  the 
precipitation  rates  and  liquid-water-content  values  increased  and  decreased  more- 
or-less  in  concert,  at  all  gauges  at  both  sites,  throughout  the  measurement  period. 
This  indicates  that  the  storm  precipitation  at  the  surface  level  was  relatively  homo- 
geneous in  its  spatial  ch.aracteristics,  at  least  at  horizontal  scale  somewhat  exceed- 
ing the  one-half  mile  sp.icing  between  the  launch  site  and  South  Site  gauges. 
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The  liiunch  site  ciuices  r>t  the  times  of  the  missile  firincs  on  this  drife  (the  two 

missiles  were  launched  30  see  apart!  gave  preeipitat ion- rate  values  varvinp  from 

about  2 to  4 mm  iir  with  liquid- water-contents  varving  from  about  0.  I to  0.  2 

gm  m , depending  on  which  of  the  gauge  values  one  ctiooses  to  believe, 

W ith  regard  to  tiie  I igures  1)4  and  DR  plots  for  tbe  storm  of  2.'  1 etiruarv  l^TS, 

it  should  be  explained  tliat  tlie  disdrometer  instruments  at  the  launcii  site  were  not 

"turned  on"  until  1010  CMT,  hence  data  were  available  onlv  for  the  latter  portion 

of  the  illustrated  time  period.  The  tipping-bucket  gauges  at  tlie  launch  site  and 

south  site  were  operated  throughout  the  total  period,  however. 

Inspection  and  inter-comparison  of  the  diagrams  of  I igures  1)4  and  DR  show 

that  the  precipitation  rates  ;it  the  surface  level  during  the  1-lir  period  centered 

about  the  launch  times  of  the  missiles  (the  two  missiles  on  this  dav  were  also 

launched  30  sec  apart)  ranged  generallv  from  about  0,  G to  4 mm  hr  ',  The  liquid- 

- :t 

water-contents  ranged  from  about  0,03  to  0.  10  gm  m , The  peaks  and  troughs  of 
the  time  plots  for  the  different  gauges  during  this  period  were  well  correlated  and 
the  rainfall  was  reasonably  homogeneous  over  the  horizontal  area  of  tlie  two  site 
locations.  However,  it  is  also  seen  from  the  diagrams  that  the  precipitation  rates 
and  liquid-water-content  values  determined  from  the  disdrometer  instruments  were 
substantially  smaller  than  the  tipping-bucket  values  from  about  1130  (iM'l"  onward, 
during  the  dissipating  phase  of  the  storm  when  the  precipitation  rates  were  generallv 
less  than  0,  R mm  hr  ',  The  disdrometer  instruments,  during  this  phase,  were 
apparently  insensitive  to  the  smallest  of  the  falling  raindrops  and  the  precipitation- 
rate  and  liquid- water-content  values  computed  from  the  data  were,  consequently, 
erroneously  small.  The  disdrometer  precipitation-rates  were  also  appreciably 
smaller  than  the  tipping-bucket  rates  during  the  immediate  launch  period  of  the 
missiles. 


The  surface  values  of  precipitation  rate  assumed  for  the  trajectory  computations 
of  Tables  (’1  and  C2,  of  Appendix  C,  were  3.9  mm  hr"',  for  the  first  missile,  and 
4.  2 mm  hr"',  for  the  second.  The  liquid-water-content  values  at  the  surface  level 


for  the  trajectories  were  computed  from  the  ".loss  Widtsoread"  equation  relating 
M and  P,  see  Table  2,  11  No.  2,  which  gave  0.  24R  gm  m"”,  for  the  first  missile, 
and  0.261  gm  m"  ’,  for  the  second.  The  disdrometer  relationships  between  M 


and  P,  shown  in  Figure  D2  were  not  used  in  the  trajectory  computations,  because 
disdrometer  calibration  problems  existed  that  delayed  {Tie  equation  determinations 
until  many  months  following  the  completion  of  the  trajectory  computations.  Use  of 
the  disdrometer  equations  in  place  of  the  ".loss  Widespread"  would  increase  the 
liquid-water-content  in  the  rain  regions  by  approximately  3R  percent. 
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Figure  1)4.  Time- Plots  of  Precipitation  Rate  and  l.iquid-Water-Content  at  the 
Surface  I.evel  for  the  Period  l '2-hr  Prior  to  Launch  Time  to  1- 1/2-hr  Subse- 
quent to  Launch  Time.  From  Disdrometer  Data  Acquired  at  the  Launch  Site  on 
27  Februurv  IftT-i.  The  diadrometer  instruments  were  not  "turned  on"  until 
1 2 hr  Before  Launch  Time  on  This  Day 


Thus,  although  the  disdrometer  results  for  27  February  1973  are  presented 

herein,  for  completeness,  it  should  be  emphasized  that  questions  exist  concerning 

* 

the  instrument  calibrations  and  the  accuracy  and  significance  of  the  results,  (The 
disdrometer  problems  of  this  day  were  mentioned  in  R No.  1 and  R No.  2,  in  the 
context  of  our  inability  to  use  the  disdrometer  data  to  secure  a meaningful  calibra- 
tion constant  for  the  I'PS-IS  radar). 


The  disdrometer  instruments  are  essentially  "relative  indicators"  which  have  to 
be  set  or  "calibrated"  in  order  to  provide  quantitative  results.  There  are  several 
methods  of  calibration.  A sensitivity  check,  or  "electronic  calibration  method", 
is  provided  as  part  of  the  instrument  circuitry.  Water  drops  of  known  sizes  can 
be  dropped  on  the  sensing  heads  of  the  instruments,  from  heights  assuring  terminal 
velocities,  and  the  disdrometer  readings  of  drop  size  can  be  adjusted  for  conform- 
ance with  the  actual.  The  total  rainfall  computed  from  the  disdrometer  data  for  a 
period  of  relatively-long  duration,  some  2 to  3 hr  or  so,  can  be  "adjusted",  by 
recomputation,  to  correspond  to  the  total  rainfall  measured  by  the  tipping-bucket 
gauges,  and/or  weighing  gauges,  for  the  same,  common  period.  The  disdrometer 
precipitation- rates  can  also  be  adjusted,  during  computations,  so  that  the  computed 
rates  agree  with  the  tipping-bucket  rates  for  any  given  time  or  time  interval  of 
choice.  The  particular  calibration  method  or  combinations  used  for  the  data  of 
27  February  1973  is  unknown  to  the  author. 
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F igure  D5.  Time-IMots  of  Precipitation  Rate  and  I.iquid-Water-Content  at  the 
Surface  Level  for  the  3-hr  Period  ( entered  About  the  I.aunch  Times  of  the 
Missiles,  From  Tipping- Bucket  Data  Acquired  at  the  Launch  Site  and  South  Site 
on  27  February  1973 


The  tipping-bucket  gauge  at  the  launch  site  at  the  firing  times  of  the  m.ssiles  on 
27  February  gave  a precipitation  rate  of  1.26  mm  hr  A value  of  1.  3 mm  hr  ' was 
used  for  the  trajectorv  computations  discussed  in  Appendix  C. 


1)2.  COMPARATIVKSIZK  Dl.STRIHUTION  MEASUREMENTS 
OBTAINED  ON  26  FEBRUARY  1973 

The  size  variation  of  the  number  concentration  of  the  raindrops  recorded  by  the 
disdrometer  instruments  was  "checked  and  compared”,  on  26  February  1973,  with 
measurements  made,  at  common  sites  and  times,  by  a "dyed  filter-paper"  technique, 
The  rainstorm  of  26  February  1973  was  not  a launch  day  for  the  SAMS  missiles. 
However,  the  comparison  data  obtained  on  this  date  are  quite  pertinent  to  the  SAMS 
objectives  of  accuracy  and  uncertainty  assessment. 
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In  I nitPr  papor  terhnlnup,  whioh  is  a conventinnal  nif*tonrolni;iral  terhniqur, 
laru'c  filter-paper  (iisks  (24  rm  in  iliameter),  which  are  iniprei>nateii  with  niethviene- 
hiiie  pow'iier,  are  exposed  to  the  falHni;  rain  for  carefully  timed  intervals  (which 
vary  inversely  with  the  ralnrate).  'I'he  raindrops  that  fall  on  the  filter  paper  diirini.’ 
the  exposure  interval  wet  the  paper  anrl  lissoive  the  methylene-blue  powder  at  the 
p'aces  where  they  strike  the  paper.  Thus,  they  leave  "blue  colored  slcnatures", 
or  patches,  on  the  paper  which  can  be  n.anuallv  si7ed  and  counted  in  later  analyses. 
The  L'eneral  relationships  between  the  "patch  diameters"  and  the  "physicai  diam- 
eter®" of  the  raindrops  tiave  been  estabiished  Ihrouch  various  calibration  studies 
perfornie  I in  the  past.'  The  specific  relationships,  for  the  tests  of 

‘>6  f'chrun I:'73,  were  established  by  calibrations  perfornieil  by  Mr. 
c 

■|  I li  comparisons  were  made  durinc  the  rainstorm  of  26  l•■ebruary.  In 

the  first  which  was  performed  at  tlie  launch  site,  two  filter  papers  were  exposed 
•■or  16  sec  each,  in  quick  succession,  during  the  particular  lime  interval  r24!';00 
to  124!>;2n  I ST,  which  correspondeil  to  the  recor dim;  interval  of  the  two  dis- 
drometers.  Numbers  1 and  2,  that  were  locatcii  at  the  site  and  operatlni;  at  the 
time.  The  two  disdrometers  were  spaced  .about  4 -ft  apart.  The  filter  paper 
samples  were  obtained  from  a location  miil-way  between  the  disdrometers.  The 
papers  were  exposeil  at  trround  height  in  the  "bottom  half  of  a film  can",  the  top 
cover  of  which  was  removed  at  the  beginning  of  the  exposure  and  replaced  at  the 
end.  A 15-sec  exposure  of  the  filter  paper  was  required  because  of  the  rainrate. 

This  meant  that  two  papers  had  to  be  exposed  to  cover  the  20-sec  recording  inter- 
val of  the  lisdrometers.  The  person  who  place<l  and  exposed  the  paper  of  the  second 
sample  approached  the  disdrometer  vicinity  from  the  downwind  side  and  was  only 
briefly  present,  for  about  1 to  2 sec,  at  arms  length  distance  from  the  disdrometers. 
Thus,  he  liri  not  interfere  with  the  measurements  in  anv  material  way. 

The  second  set  of  comparisons  was  made  at  the  South  Site  location  during  the 
time  interval  1341:00  to  1341;30  KST.  Two  filter  papers  were  exposed  in  the  same 
manner  lescribed  above,  while  the  disdrometer  instrument  at  the  site  was  operating 
anii  recording  si^e  distribution  information. 

The  precipitation  rates  for  the  disdrometer  and  filter-paper  measurements  at 
the  two  sites  were  determined  for  the  30-sec  intervals  cited  previously,  using 
methods  described  in  R No,  1 and  R No.  2.  These  precipitation  rates  are  shown 
listed  in  Table  01.  Also  shown  are  the  precipitation  rates  that  were  measured  dir- 
ectly by  the  tipping-bucket  gauges  at  the  sites.  These  are  the  "calibrated  precipi- 
tation rates"  of  the  tipping-bucket  gauges,  which  have  been  corrected  for  "bucket 
spillage  as  a function  of  rainrate".  (The  corrections  were  established  by  laboratory 
calibration  of  the  instruments.  The  values  are  small,  less  than  5 percent,  for 
rainrates  below  5 mm  hr  S. 

5.  Marshall,  J.S.  l.angille,  R.C.,  and  Palmer,  W,  McK,  ( 1947 ) Measurements 
of  rainfall  by  radar,  J.  Meteor.  4:186-192. 
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Tahlp  Dl.  ( 'nniparison  Hainratps  Dptornilnpi)  for  Two  Sites  and  'I'lnte 
Inten-als  Ihiriiii;  ttie  Storm  of  26  l•■ebruarv  1!>72 


Mainrate 

Site 

Time  Interval 

Method  of  Measurement 

mm  Iir"  • 

1 .aunch  Site 

80  sec 

Disilrometer  \o,  1 

1.72 

(1 240:00  to 

1240:80  1 STl 

Disdrometer  No.  8 

1. 24 

l-TIter  Paper 

2.  5 

Tipping' -Mucket  Hainyaut'e 

2.  2 

South  Site 

80  sec 

Disdrometer  No.  4 

I.  86 

(184  1:00  to 

1841:80  1ST) 

l•■ille^  Paper 

4.  1 

Tippinij-liucket  Hainuautte 

8.  4 

It  is  seen,  from  the  tahle,  that  the  disdronieter  rainrates  at  the  individual  sites 
were  suhstantiallv  smaller  than  those  determined  from  the  filter  paper  or  measured 
hv  the  f ippintt-huoket  L'auces.  Comparisons  of  the  rates  for  the  filter^paper  vs  those 
for  the  tippinu-bucket  reveals  reasonable  correspondenre  at  the  launch  site  but 
appreciable  difference  at  the  south  site. 

Si7e  distribution  information  for  the  lisdrometers  and  filter-paper  samples  is 
presented  in  Tahle  1)2,  The  number  concentrations  of  the  Irops  are  shown  in  the 
first  lines  of  the  table,  which  pertain  to  the  imiividual  samples.  The  number  con- 
centrations are  liste  I in  the  particular  liameter  <dassps  which  are  the  "counting 
classes  " of  the  lisdrometet  instruments.  The  concentrations  for  the  fi Iter-paper 
samples  are  listed  in  these  same  classes,  for  <’oniparabiIitv, 

The  class  contributions  to  the  liqui  l-wat'r-content  and  to  the  radar  reflectivity 
factor  are  shown  in  the  second  and  third  lines  of  the  table,  foi-  the  individual  samples. 
The  total  number  <-oncentrations  of  the  Irops,  of  all  si-es  in  the  populations,  are 
presented  under  the  column  laheleii  Likewise,  the  total  liquiil-water-content, 

M,  and  the  total  radar  reflectivity  factor,  /,  are  listed  in  the  columns  immediately 
followini;.  (It  should  he  noted  that  the  parameters  tabulateii  in  the  last  five  columns 
will  not  be  liscussed  in  the  present  appeniiix.  Thev  nertain  to  subjects  considered 
in  Appendix  I',  and  will  be  described  fhereinl. 
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With  rruard  to  Ihr  number  concentration  valuea  ahown  in  Table  1)2,  it  ia  seen 
that  much-lar«er  numbers  of  raindrops  were  detected  by  the  filter  papers  than  were 
rccordcii  by  the  diadrometers  (by  a factor  of  3 to  a factor  of  6.7).  The  disdrometers 
failed  t ) detect  the  amaileat  dropa  and/or  detected  them  in  number  concentrations 
leas  than  were  actually  present.  For  drops  from  about  0,75  mm  to  1,7  mm,  the 
concentrations  were  rouKhty  the  same  for  the  disdrometers  and  filter  papers.  Then, 
aiiain,  for  drops  of  the  largest  sires,  the  disdrometers  generally  failed  to  detect 

drops  as  large  as  were  captured  on  the  papers.  There  is  a logical  explanation  for 

2 

this,  in  that  the  sampling  area  of  the  filter  papers  (~452  cm  ) is  some  9 times 

2 

larger  than  the  sampling  area  of  the  .lisdrometer  instruments  (50  cm  ).  Hence,  a 
greater  number  of  the  largest  raindrops,  which  were  present  in  the  storm  in  rela- 
tively-smali  concentration,  would  logically  be  detected  by  the  filter  papers  and  not 
by  the  disdrometers.  (Probability  arguments  can  be  advanced  that  these  largest 
drops  should  also  he  detected  by  the  disdrometers  within  sampling  intervals  that 
were  M times  larger  than  the  basic  dO-sec  counting -interval  of  the  instruments, 
that  is,  within  a 4-1/2  min  period  of  record.  It  may  be  reported  that  drops  as  large 
as  detected  on  the  filter  papers  were  recorde<l  on  all  disdrometers  during  the  4-1/2 
min  periods  centered  about  ttie  mid-times  of  the  Table  1)2  intervals). 

The  lisdrometer  instruments  and  their  mode  of  operation  were  described  in 
H No.  1.  In  theory,  the  instruments  have  a thresholii  of  momentum  detection  cor- 

g 

responding  to  that  of  a gravitationally-falling  drop  of  0,3  mm  diameter.  lJnde»* 
operational  conditions,  though,  this  "sensitivity  threshold"  is  modified  appreci- 
ably, over  short  term  periods,  at  least,  by  the  updraft -downdraft  motions  associated 
with  atmospheric  turbulence.  The  extent  of  such  modifications,  and  of  the  turbulent 
effects  on  the  instrumental  siring  and  counting  of  drops  of  even  larger  sires,  is 
dependent  on  the  storm  conditions  of  the  particular  day  and  on  the  locations  and 
methods  of  sitieg  the  disdrometers. 

With  (iue  regard  to  these  influences,  it  was  still  apparent  that  the  disdrometers 
in  the  tests  0(26  hebruary  l!t73,  as  the  instruments  were  calibrated  and  operated 
on  this  day,  had  severely  diminished  sensitivity  of  number  count  for  drop  sires 
smaller  than  about  0.75  mm,  Orops  smaller  than  this  were  counted,  down  to  the 
0.3  mm  threshold  on  two  of  the  three  disdrometers,  but  the  recorded  concentra- 
tions were  obviously  deficient.  It  was  equally  obvious  (see  Table  D2)  that  the  counts 
of  the  Number  1 (lisdrometer  at  the  launch  site  were  so  grossly  deficient  for  small 
drops  as  to  warrant  a conclusion  that  the  instrument  was  malfunctioning  and  in- 
operative. 

The  liquid-water -content  and  radar  reflectivity  factor  values  of  Table  1)2  were 
derived  from  the  number  concentration  data  using  the  fall-velocity  relationships  for 

6.  .Toss,  .).,  and  Waldvogel,  A.  (1970'  Disdrometer  RD  69  Instruction  Manual, 

Marc.  Welbel  Dipl.  Ing.  , KTH,  K'apeTienstrausse  20,  4000,  Basel,  Swltyer- 
land. 
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raindrops  nf  Cunn  and  Klnrer  which  also  api)«*nr  in  Table  114  of  the  Smithsonian 
MetPoroloi'u-il  Tables  (6th  lalttion,  IdSIt.  “ These  are  the  fall -velority  reiation- 
ships  that  are  used  in  the  "disdrometer  computational  program"  of  AI-TRI,,  which 
is  based  on  a program  lieveloped  by  doss. 

With  reference  to  'I' able  1)2,  it  is  seen  that  the  M values  determined  from  the 
filter-paper  samples  were  about  twice  as  larue  as  those  derived  from  the  liis- 
drometer  lata,  (Disdrometer  Number  1 is  iunored  in  these  comparlBons,  for  the 
reasons  stated  above.  > It  is  also  seen  that  the  7 values  for  the  filter-paper  were 
some  2 to  4 times  laruer  than  those  for  the  disdrometers. 

9 

It  miuht  be  pertinent  to  mention  that  doss  aid  Wal  ivoirel  have  presented 

equ.ations  and  information  .about  the  probabillti'-s  of  deterndninc  the  "true  values" 

(or  loni;-term  .averaije  values)  of  preclpit.ation  rate,  D,  and  radar  reflectivity 

factor,  7,  from  measurements  of  .irop  si-»e  distributions  in  rain.  The  required 

sample  sizes  and  probabilities  varv  with  rainrate,  l•■o^  example,  for  a rainrate 
- 1 ■> 

of  1 mm  hr  , a sample  size  of  t..'i  m"  sec  is  requireci  to  measure  a value  of  P 
that  has  a 0.05  prohahilitv  nf  heim;  within  10  percent  of  the  true  value;  and  a sample 

size  of  10  m“  sec  is  required  to  measure  7 to  these  same  probability-confidence 

2 

levels.  I'or  the  disdrometer  instrument,  with  its  samplitii;  area  of  50  cm  , this 

means  that  a measurement  period  of  .about  5 min  is  needed  to  determine  I’,  with  a 

0.  05  prohahilitv  of  ‘>0  percent  accuracy,  and  an  approximate  I -hr  period  is  needed 

to  determine  7.,  to  the  same  accuracy, 

I'or  a rainrate  of  10  mm  hr**,  the  sample  sizes  required  to  determine  1’  and 

■>  ‘> 

7.  to  this  accuracy  are  0.5  in“  and  6.  .5  m”  sec,  respectively.  With  the  disdrometer, 
this  means  that  a measurement  perioil  of  2 min  is  needed  for  P and  a measurement 
perioii  of  20  ndn  is  needed  for  7. 


7.  Ciunn,  R.,  and  Kinzer,  Cl.  IJ.  (1949)  The  terminal  velocity  of  fall  for  water 

droplets  in  stagnant  air,  .1,  Meteorol.  ^:243(565,  594,  596-7), 

8.  Smithsonian  Meteorological  Tables,  1951:  Sixth  revised  edition, 

Smithsonian  Institution,  Washingrton,  D.  C. 

9.  .loss,  .1.,  and  Waldvogel,  A.  (1969)  Raindrop  size  distribution  and  sampling 

size  errors,  .1.  Atmos,  Sci.  26:566-569. 
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Appendix  E 

AFCRL  Flighti,  Summafy  Notas  and  Particular 
Anaiyin,  for  tha  1972-73  Saaaon 


The  ArCiI.  C-1.10A  tircraft  was  based  at  Hanscom  Field,  Bedford,  Massa- 
chusetts during  the  1972-73  season.  When  storm  conditions  appropriate  for  SAMS 
operations  were  forecast  for  the  Wallops  area,  the  aircraft  was  flown  from  Hanscom 
Field  to  Wallops  where:  ( U it  "stood  by"  in  a holding  pattern,  awaiting  the  potential 
missile  firing  or;  (2)  it  landed,  usually  either  at  Wallops  Station,  Virginia  or 
I.angley  AFB,  \’irginia,  where  the  flight  crew  awaited  further  instructions  concern- 
ing the  storm  ;ind  missile  launch  conditions  and  maintained  readiness  for  measure- 
ment sorties. 

Twenty-three  aircraft  sorties  were  flown  in  support  of  SAMS  during  the  1972-73 
season,  as  identified  in  Table  FI.  Flights  were  made  in  13  potential  storm  situa- 
tions, SAMS  missiles  were  launched  in  two  of  thf  e situations,  on  2 February  1973 
and  27  February  1973.  Measurements  with  the  C'-130A  aircraft  were  made  in  the 
storms  of  2 February,  Hut  measurements  could  not  be  made  in  the  storm  of 
27  F'ebruary,  because  of  a propeller  malfunction  on  the  No.  3 engine  of  the  aircraft. 
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4 April  1973  Bedford,  Mass.  0923  FST  Wallops  Station.  \'a.  1126  F:ST  Missile  not  fired. 

5 April  1973  Wallops  Station,  Va.  1554  FST  Bedford.  Mass.  1729  F.ST  Return  flight. 

10  April  1973  Bedford,  Mass.  0938  EST  Bedford.  Mass.  1210  FST  Round  robin  night,  missile 

not  fired. 
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El.  OBSENVATKIN.S  AM)  DATA  ACVI'IMEI)  IIDKIM;  THE 
.STORM  OE  2 KEIIKIJ  AKV  IIT:! 

( )b8erv!itionB  and  me.-iaurementa  were  m.ide  .at  12  different  flight  levels  in  the 
storm  of  2 l•■ebru.•lrv  in71.  The  observations  and  measurements  of  the  storm  con- 
ditions along  the  missile  trajectories  began  at  al>oiit  1410  /,  at  an  altitude  of 
.12,000  ft  (True  Altitude,  corrected  from  Pressure  Altitude!,  and  they  were  ter- 
minated at  approximately  IS.S4  /.,  at  an  altitude  of  about  fiOO  ft. 

Comments  about  the  general  hvdrometeor  conditions  at  the  various  altitudes 
in  the  storm  are  presented  in  Table  l■:2.  These  .are  the  edited  notes  of  the  Al'CHl, 
Plight  Director,  l.t.  Col.  .lames  P.  Church.  (They  have  been  edited  onlv  to  delete 
references  to  non- meteorological  matters,  such  as  comments  regarding  n.avigation, 
positioning,  radio  communications,  etc.) 


Table  P2.  Plight  Director's  Notes  Concerning  the  Ceneral  Ilydrometeor  Conditions 
at  the  Different  l-'light  I.evels  in  the  Storm  of  2 Pebruarv  1971.  The  notes  have  been 
edited  to  delete  references  to  non-meteorological  matters,  sucli  as  n.avigation, 
positioning,  radio  communications,  etc. 


Time  OMT 

Altitude  k ft 

Hem.arks 

1325:00 

0.3 

Moderate  r.ain,  2-3  mm  si/e  on  climbout. 

1325:41 

1.5 

Below  cloud  base,  fog  below,  visibility 

2- 1 /2-3  mile  slant. 

1326:4  3 

3.4 

Entering  new  cloud  now. 

1328:17 

6.0 

Still  below  main  cloud  base,  have  stratus  below  me 

1328:29 

6.  2 

In  and  out  tops  of  stratus  or  stratocumulus. 

1328:40 

6.4 

Into  base  of  main  cloud. 

1328;  55 

7.  1 

Still  have  occasional  4-5  mm  rain. 

1329:02 

7,3 

In  clear  above  stratus  and  below  altostratus. 

1330:12 

8. 

Between  layers, precip,  lighter  now,  most  drops 

2-3  mm. 

1331:00 

10.0 

Getting  small  snow  crystals  hitting  snow  stick. 

1331:06 

10.  2 

Getting  I mm  snow  crystals  now,  rain  has  stopped, 
getting  little  stellars  up  to  2 mm. 

1331:44 

10,0 

In  snow  now. 

1332:02 

11,  5 

I see  only  small  snow  crystals,  stellars,  still 
melting  but  not  sticking,  1-2  mm  crystals,  no 
big  agglomerates  hitting  stick,  can  see 
agglomerates  going  by  near  spinner. 

"Flight  track  diagrams"  for  the  C-130A  sortie  of  2 February  1973  exist  at  AFGL 
which  have  been  related  to  the  path  trajectories  of  the  missiles.  But  these  are  not 
presented  because  of  their  complexity  and  marginal  utility. 
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'r:ihle  1)2.  I'light  Director's  Notes  Concerning  the  Cenernl  HvHrometeor  Conditions 
;it  the  Different  I'light  l.evels  in  the  Storm  of  2 l■■ehru.■lrv  1071  (Conti 


'l  ime  C.MT 

Altitude  k ft 

lleni'irks 

i:i:i4;07 

14.  1 

Still  getting  sni.ill  ice  crvstiils  1-2  mm,  no  hig 
igglomer.ites,  hut  still  see  hig  .igglomerates 
going  hv  spinner,  not  hitting  snow  stick, 
mo<lerate  intensitv. 

ri:i6;ii 

16.  5 

In  :tl!  snow  now,  sm.ill  dendritics  stellurs 

1 -2  mm  si/e. 

i:i17:2H 

17.  8 

(letting  sm.'ill  .stellars  2-3  mm  si/e,  occ:isional 

1 mm  hut  seeing  higger  agglomerates  going  hv 
spinner,  riming  slight  hit  on  leading  edge  of 
wing,  :ill  snow  now. 

i:i:iH:00 

18.  4 

Still  in  nioder:ite  snow.  sm:ill  ice  crystals, 

•ippear  to  he  stell.irs,  si/e  decreasing,  1 mm 
mostlv,  occ:i.sion:il  2 mm  crvst.ils  now.  Still 
see  higger  :igglomerates  going  hv  spinner,  hut 
none  hitting  snow  stick. 

1 :i:i0;04 

10.  1 

Still  getting  verv  sm:ill  ice  crvsttils  aliout  1 mm, 
verv  uniform  si/e,  .igglomer.ites  going  hv  spinner  ! 
getting  sm.iller  too.  j 

11,10:27 

10.4 

Crvst:ils  going  to  needles  now  or  possibly  columns, 
ihout  1 mm  si/.e. 

1110:18 

10.4 

Crvstals  getting  sm.iller  and  smaller. 

1140:.'i6 

20.  7 

In  cirrus  now,  rrvst.al  si/e  1 2 mm  occ.isional 

1 mm  in  si/e. 

1141:46 

21.1 

Small  ice  crvst.ils  about  1 2 mm  in  si/e. 

1142:00 

21.1 

We  ve  h:id  .ihsolutelv  no  turbulence. 

1124:42 

21.7 

I.ight,  sm.ill  crvstals.  1 2 mm  si/e  columns 
or  needles. 

1 144:24 

22.  6 

Clouds  prettv  dry  up  here.  No  riming  at  all  on 
snow  stick,  ice  crystals  ch.inging  to  platelets 
now.  .About  1'2  mm  occasion.il  1 mm 

114.1:25 

21.  6 

1 see  :igglomerates  going  by  spinner,  seeing 
hexagonal  pl.ites  .ibout  1'2  mm,  occasional 

1 mm. 

1146:12 

24.  0 

Intensity  definitely  tapering  off  on  snow,  crystal 
si/e  very  small,  about  1/2  mm  si/e  average. 

1147:16 

25.  0 

Ice  crvstals  about  1/2  mm,  light  intensity,  no 
riming  on  stick  at  all.  .Saw  1 mm  particle  hit 
stick  but  most  about  1/4- 1/2  mm,  very  tiny 
crystals. 

1348:32 

25.  3 

Slightly  bigger  platelets  now,  about  1/2  mm  size. 

1349:56 

26.  2 

Sun  dimly  visible.  Snow  size  continues  to  de- 
crease in  size  as  we  climb.  Now  dowm  to  1/4  mm 
in  plates. 

1350:13 

26.4 

Less  than  1/4  mm;  very  light  intensity. 
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Table  1:2.  I’lujbt  Director's  Notes  foncerniriK  the  C'leneral  Hydrometeor  Conditions 
at  the  Different  I light  l evels  in  the  Storm  of  2 I ebniarv  IPTS  (Cont' 


'I'ime  Ct  MT 

Altitude  k ft 

Hemarks 

27.  6 

Ice  crystals  still  1 M mm  si/e,  little  stellars 
or  dendrites.  \o  ;igBlomerales  going  hv  spinner. 

1 Mr)  5:50 

26.  7 

Very  tiny  needles  now,  1 4 mm.  Still  in  clouds 
with  several  k ft  of  clouds  still  aliove. 

1556:42 

20.  0 

(letting  8m:ill  columns  now  about  or  less  than 

1 '4  mm. 

i:t5n;42 

30.  0 

Verv  tinv  crvstals,  h:irk  to  hex.igonal  platelets 
.ig:iin.  1 4 mm  si/e. 

1405:50 

30.  H 

Sun  fairlv  bright  still  not  it  cloud  tops.  Still 
in  verv  small  ice  crvstals. 

1400::t0 

3 1.7 

Still  in  clouds. 

14  10:;t5 

32.  0 

Still  in  clouds  with  verv  sm:ill  ice  crvst:ils,  si/e 
about  1 10  mm  and  st:ihle  cloud,  verv  smooth 
flving.  I^stimate  cloud  tops  still  2-3  k ft  above  us 

14  14:00 

3 1.0 

Can  see  halo  around  sun,  still  in  clouds,  ice 
crvstals  about  1 10  mm  si/e. 

1417:10 

29,  M 

Still  verv  tinv  ice  crystals,  appe:ir  to  be  platelets. 
Sun  is  bright,  lost  h;ilo,  crvstals  verv  uniform 
si/e  on  snow  stick. 

1417:55 

26.  4 

Intensitv  incre.asing  but  still  light,  uniform 
crvstal  size. 

14111:06 

26.  0 

Ice  rrvstal  size  sinwiv  increasini’  \/A  - 1/2  nmi 

141H:;i6 

27.  2 

Descending.  Seeing  liexaponal  pl;ites  IM  - 1^2 
mm  size. 

1410:16 

26.  1 

still  in  cirrus. 

1420:35 

25.  5 

l ight  intensity  ice  crystals,  sun  very  dim. 

1 '4  - 1'2  mm  size,  all  platelets,  no  agglomerates 

1423:00 

25.  7 

(letting  1 4 - 1/2  mm  ice  crystals,  platelets, 
no  agglomerates. 

1424:06 

25.  5 

1/4  - 1/2  mm  crystal  size.  Sun  dimly  visible 
above,  very  stable  flying. 

1424:50 

25.  1 

Still  in  ice  crystals  1/2-1  mm  size,  descending 
to  20  K,  very  uniform  size,  light  intensity. 

1425:22 

24.5 

Descending,  1/2-1  mm  size,  still  platelets. 

1426:05 

22.  9 

1/2-1  mm  size  now,  uniform  crystal  sizes. 

1426:25 

22.4 

Number  frequency  of  crystals  increasing  now 
1/2-1  mm. 

1426:50 

21.  8 

Ice  crystals  getting  bigger,  about  1 mm  size 
now,  light-moderate  intensity.  No  riming  of 
stick.  Starting  to  see  occasional  agglomerate 
going  by  now. 

1427:21 

21.0 

Occasional  agglomerate  going  by,  1 mm  ice 

crystals,  still  appear  as  platelets. 
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Table  K2.  Flight  Director's  Notes  Concerning  the  General  Hydrometeor  Conditions 
at  the  Different  Flight  l.evels  in  the  Storm  of  2 February  1973  (Cont) 


Time  CiMT 

Altitude  k ft 

Remarks 

1428:31 

20.5 

Getting  light  turbulence  chop  now,  some 
agglomerates  going  by  spinner,  ice  crystals 

1 mm  size. 

1429:34 

20.4 

1 mm  size,  seeing  needles  now  mixed  with 
platelets.  Agglomerates  going  by  spinner 
that  are  larger. 

1430:00 

20.6 

1 mm  pl.atelets  now,  moderate  intensity,  no 
chop  now. 

1431:30 

20.  7 

Hack  to  platelets.  1-1.5  mm  size. 

1432:00 

20.6 

Have  three  size  crystals  now.  Most  are 

1-1.5  mm  platelets,  another  size  2 mm  much 
less  frequent  than  agglomerates.  3-4  mm 
going  by  spinner. 

1433:16 

20,  5 

Moderate  intensity  crystals  or  site  1.5  mm, 
no  riming  of  stick  yet.  see  large  agglomerates 
going  by  spinner. 

1434:46 

19,  3 

Still  getting  small  platelets.  I - 1.5  mm  size, 
moderate  intensity,  no  riming,  smooth  flight, 
see  big  agglomerates  going  by  spinner, 
moderate  intensity. 

1435:19 

18.  5 

Stick  starting  to  rime  up  now. 

14  35:38 

18.  2 

Moderate  intensity  of  crystals. 

1436:06 

17.5 

Getting  into  snow  flake  region  now.  picking  up 

2-3  mm  agglomerates  on  snow  stick. 

1436:17 

17,2 

Size  increasing,  moderate  intensity,  1 - 2 mm 
flakes  with  some  agglomerates,  getting  into 

Stella rs  and  dendrites,  riming  on  snowstick. 

1436:49 

16.4 

No  cloud  drops  on  windshield. 

1436:57 

16.  3 

Moderate  intensity,  crystals  1 - 2 mm,  larger 
in  agglomerates. 

1437:25 

15.  8 

Still  getting  1 - 2 mm  separate  crystals  (flakes). 

No  agglomerates  hitting  stick,  2-3  mm  size. 

Much  bigger  agglomerates  blowing  by  spinner. 

1438:48 

15.2 

Definitely  in  snow,  lots  of  big  agglomerates, 
moderate  to  heavy  intensity,  2 mm  average 
size  crystal,  no  real  riming  of  stick. 

1439:57 

15.  2 

Agglomerates  sizes  3 - 4 to  even  5 mm  sizes. 

1440:00 

15.  2 

Average  size  2 mm,  agglomerates  from 

3-5  mm  sizes. 

1441:56 

15.  2 

Moderate-heavy  in  snow,  2-3  mm  with  much 
larger  agglomerates  going  by  3 - 5 mm,  no 
riming  on  snow  stick,  snow  nice  and  dry. 

1443:05 

15.  1 

Bis  agglomerate  going  by  3 - 5 mm  sizes, 

2-3  mm  size  j hitting  snow  stick  but  do  not 
appear  to  be  individual  crystals. 

r 
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Table  K2.  Flight  Director's  Notes  Concerning  the  (leneral  Ilydrometeor  Conditions 
at  the  Different  Flight  I.evels  in  the  Storm  of  2 Feb^pary  1073  (Cont) 


Time  CMT 

Altitude  k ft 

Remarks 

1444:00 

14.  3 

Flake  sizes  2-3  mm. 

1444:07 

14.  1 

Starting  to  rime  on  lending  edge  of  wing. 

1444:57 

12.  0 

Cietting  into  he.'Ary  snow  now,  large  agglomerates 
3-5  mm.  no  snow  sticking  on  windshield  2-3 
mm  sizes,  appear  t^  be  dendrites. 

1445:48 

12.  2 

Occasional  cloudtop  now,  getting  towards 
melting  zone. 

1446:20 

12.  2 

2-3  mm  size  agglomerates,  defir-.itelv  not  in- 
dividual snow  flakes  now. 

1447:08 

11.  0 

2-3  mm  size  flaices,  melting  ; they  hit  snow 
stick. 

1447:43 

12,  1 

Moderate-heavy  snow  agglomerates,  2 - .3  mm 
sizes,  with  bigger  ones  4-5  mm,  no  r 
riming,  in  ann  out  cloinl  tops. 

1440:15 

12.  1 

Seeing  dendrites,  moder;ite  inter  ••i 

across  most  .abunciant  class,  Ic* 
agglomerates  mowing  by  spinner,  ..e 

any  liquid  droplets  :it  this  altitude,  a'l  Jer^ 

1450:53 

1 1.  8 

Snow  stick  riming  up,  2-3  mm  ;igglomf  . i*- ,. 

1451:40 

11.  1 

Definite  dendrites,  moderate  intensity,  large 
agglomerates  going  by  snow  stick,  flakes  hit  and 
melt  immediately  at  this  :iltitiide,  2-3  mm 
average  size,  large  ones  4-5  mm. 

1452:10 

10,  5 

No  precip  hitting  ipvimlshield.  in  :ind  out  of 
clouds  now. 

1453:00 

10.  3 

Now  in  rain. 

1453:13 

10.  2 

See  large  agglomerates^going  by  at  5 - 6 mm 
sizes  with  rain,  rain  moderate  intensity. 

1453:33 

10.  1 

Some  small  snow  mixed  with  rain. 

1453:51 

10.  1 

Getting  l:irge  rain  drops  now,  size  2-3  mm, 
occasional  burst  of  larger  droplets  3-4  mni, 
some  snow  mixed  in  (10  percent),  mostly 
rain  in  light  cloud. 

1454:20 

10.  1 

Some  light  chop,  drops  2 - 3 mfn  in  rain,  some 
riming  yet. 

1454:56 

10.  2 

Bursts  of  rain  but  some  small  flakes. 

1455:13 

10.  1 

(Occasional  big  rain  drops,  melting  snow  flakes 

1 - 2 mm  sizes,  occasional  3-4  mm  drops. 

1455:44 

0.  0 

In  mixed  cloud,  rain  and  snow. 

1456:15 

0.  0 

In  convective  cell,  moderate  intensity,  heavy 
shower,  4-5  mm  rain,  no  snow. 

1459:07 

10.  0 

In  showers  now,  light  chop,  large  rain 

4-5  mm  drops,  many  more  smaller  2-3  mm 
size,  seeing  no  snow  hitting  stick. 
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'I'.ible  1:2.  I'light  Director's  Notes  {'oncernlng  the  Ciener.-il  Ilydrometeor  Conditions 
at  the  Different  I'light  I evels  in  the  Storm  of  2 ^■ehrllary  1073  (Conti 


Time  (I  MT 

\ Ititude  k ft 

Hemarks 

1^00:03 

10.  I 

\'erv  heavv  showers,  very  big  drops  5-6  mm, 
most  rain  3 mm  size,  no  snow. 

IIOIDO 

a.  0 

Continue  in  convective  showers,  5-6  mm  drops 
on  windshield,  or  precip  size  3 mm. 

ri0l:40 

8.  1 

t'lotids  verv  thin. 

1102:02 

8.  1 

Moderate  showers,  4-1  mm  drop  size,  m:ijority 
of  rain  2-3  mm  drops. 

1.10:1:11 

8.  0 

Moderate  showers,  2 - 3 mm  drop  size  pre- 
loriiinatelv,  ot'c;isir>n;»l  3 - 4-1  mm  drops 
mixed  in. 

1104:18 

7 ^ 0 

Stcadv  rain,  2-3  mm  size  predominately. 

1104:40 

8.  0 

Occasional  light  chop  :it  :iltitiide. 

1107;:11 

; ^ M 

In  steady  moderate  rain,  light  chop. 

1108:20 

8.  0 

■ lust  above  cloud  tops,  very  ragged. 

1108:20 

8.  0 

Hain  continues  nioderate  intensity. 

1100:00 

7.  0 

llain  continues,  (moderate  rainl. 

1100:23 

7.  0 

Helow  altostratus  deck  and  .above  stratocumulus 
deck,  no  real  turbulence. 

1110:37 

7.  8 

In  ragged  cloud. 

1113:43 

1.  0 

See  broken  stratus  below  me. 

1114:00 

1.  0 

Occasion;illy  flicking  through  top  of  stratus. 

1111:21 

1.  8 

Moderate  showers  now. 

1111:30 

1.  8 

Steady  rain,  no  turbulence,  essentially  between 
decks. 

1121:48 

4,  2 

Steady  rain,  down  to  light  intensity. 

1122:24 

4.  0 

Very  thin  cloud,  very  little  turbulence. 

1122:30 

4.  0 

Now  in  moderate  showers. 

1124:46 

3.  9 

Back  to  light  intensity  precip. 

1127:08 

3.  a 

.Still  in  light  to  moderate  rain,  uniform  rain. 

1528:22 

3.  a 

.lust  above  tops  of  stratus.  Hain  is  steady, 
light  - moderate  intensity. 

1533:43 

1,  8 

Appear  to  be  below  stratus  deck  now. 

1534:28 

1.  7 

Light  - moderate  rain  now,  maximum  drop  size 
about  3 mm,  maybe  occasional  4 mm,  mostly 

2 mm  sizes. 

1537:31 

1.  9 

Below  most  of  stratus  clouds,  in  light  - moderate 
rain. 

The  C-130A  flight  of  2 February  1973  wae  plagued  with  inetrumental  difficul- 
ties and  malfunctions  involving  three  of  the  four  primary  cloud-physics  sensors. 
The  chloroform-formvar  solution  used  for  the  replicator  instrument  was  unavail- 
able. hence,  this  instrument  was  not  operated  during  the  flight.  The  shutter  on 
the  foil-sampler  instrument  "froze  open"  at  1415  Z,  during  the  first  SAMS  mea- 
surement pass  at  the  32. 000-ft  level,  and  the  aluminum  foil  of  the  recording  roll 
tore  and  separated  about  ^ min  later.  The  recording  system  for  the  raindrop 
spectrometer  instrumen;  malfunctioned  and.  although  the  instrument  itself 
operated  properly  throughout  the  flight,  no  data  record  was  available  for  analysis. 

The  Johnson-Williams  (JW)  liquid-water-content  meter  functioned  well  during 
the  flight  and  provided  the  data,  concerning  cloud  liquid-water-contents,  which 
were  previously  referenced  and  illustrated  in  Figure  5 of  the  main  text.  These 
data  were  also  used  in  the  summary  tables  of  Appendix  G,  Tables  G2  and  G3. 


E2.  ANALYSES  OF  FOIL  REPUCATOR  DATA 

Two  types  of  analyses  were  performed  on  the  useable  portion  of  the  foil 
replicator  record  (obtained  before  the  foil  brokel.  The  first  was  performed  on  the 
"ascent  portion"  of  the  record  to  establish  the  maximum  sizes  of  the  snow  and 
ice  particles  that  were  present  in  the  storm  at  the  different  altitudes,  also  to  esti- 
mate the  approximate  number  concentrations  of  the  particles,  when  possible.  In- 
dependent analyses  were  performed  by  two,  skilled  persons,  to  determine  if  sub- 
jective differences  existed  and  to  assess  their  nature.  The  analyses  were  per- 
formed directly  on  the  foil  record  using  a "measuring  magnifier".  About  three 
man  days  of  time  was  required  by  each  analyst.  The  data  results  are  shown  in 
Table  E3.  Summary  information  is  presented  in  the  table  concerning  the  "snow  stick 
observations"  of  the  flight  director.  The  sampling  volumes  are  also  listed  in  the  table. 
These  are  large,  compared  to  normal  sampling  volumes  for  aircraft  instruments,  but 
are  still  very-small,  relative  to  the  avmoepheric  volumes  observed  by  the  RARF 
radars  used  for  SAMS. 


The  aircraft  ascended  over  the  "holding  pattern  location"  (about  20  to  35  miles 
SE  Cl  Wallops).  The  foil -sampler  instrument  was  "turned  on"  during  ascent  at 
approximately  1331  Z,  at  the  11,000-ft  level,  and  the  aircraft  reached  Its  maxi- 
mum flight  altitude,  of  32,000  ft,  at  about  1410  Z.  The  "ascent  portion"  of  the 
foil  record,  mentioned  above,  was  obtained  during  this  period,  which  was  some- 
what prior  to,  and  including,  the  times  of  the  missile  launchings.  The  storm  on 
this  day  was  quite  homogeneous  (see  Appendices  A and  B), therefore,  the  foil  data 
obtained  over  the  holding  area  are  probably  representative  of  the  general  storm 
conditions  over  the  launch  area. 

10.  Church,  J.  F. , Poes,  K.K,,  and  Spatola,  A.  A.  (1975)  The  Continuous  Aluminum 
Foil  Hydrometeor  Sampler;  Dwtgn,  Operation,  Data  Analysis  Pro^dures 
and  Operating  Instructions,  AFCRL.-TR-75-0370,  Instrumentation  Papers 

No.  235.  
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It  Is  seen  that  the  anow  oggregatea  in  the  loweat  altitude  layer  of  the  table, 
between  11,000  and  14,000  ft,  had  aicea  (physical  sizeal  as  large  as  7,5  mm  and 
that  the  maximum  particle  sizes  generally  decreased  upward  from  this  altitude  layer 
to  the  storm  top  level.  The  table  reveals  that  the  separate  analysts  differed  sub- 
stantially in  their  measurements  of  the  maximum  sizes  in  the  altitude  range  from 
20,  000  to  32, 000  ft.  The  table  also  shows  that  the  maximum  sizes  observed  on 
the  "snow  stick"  were  appreciably  smaller  than  those  measured  from  the  foil.  This 
is  to  be  anticipated,  since  the  "sampling  volume"  of  the  snow  stick  (the  air  volume 
that  "impinges"  on  the  snow  stick,  the  contained  particles  of  which  are  observed  by 
the  human  eye  during  its  "i  tirntivity  interval"!  is  considerably  smaller  than  that 
of  the  foil  sampler  instrument.  It  should  be  noted  that  larger-size  particles,  than 
observed  on  the  anow  stick,  were  frequently  seen  passing  in  front  of  the  "black 
background"  of  the  aircraft  spinners  (the  propeller  hub  assemblies!  and/or  were 
detected  by  the  spectrometer  instrument  of  the  C-130A  aircraft.  These  instances 
are  indicated  in  Table  K3  by  the  asterisks. 

In  the  second  type  of  analysis  performed  on  the  foil  record,  four  particular 
samples  of  the  record  were  selected  for  the  SAMS  measurement  portion  of  the 
flight  (following  the  missile  firings!.  The  sample  times  and  altitudes  are  noted 
in  Tables  E4  and  E5.  The  portions  of  the  foil  record  containing  the  selected  samples 
were  photographically  enlarged  and  printed  using  optimum  contrast  lighting  and 
processing.  The  magnification  varied  but  ranged  from  6X  to  6. 5V.  For  three  of 
the  samples,  those  of  Table  E4,  the  numbers  of  the  ice  particle  impressions  shown 
on  the  prints  were  counted  in  size- classes  of  the  largest  particle  dimension.  For 
two  of  the  samples  (one  common!,  those  of  Table  ES,  the  numbers  of  the  particles 
were  counted  in  size-classes  of  the  average  particle  dimension,  which  was  an 
average  of  the  length  and  breadth  dimensions  of  the  particle  images  shown  on  the 
prints.  (The  1416:48  Z sample  for  the  30.000  ft  level  was  "counted  both  ways", 
hence,  the  data  for  this  sample  as  counted  by  the  first  method  are  shown  in  Table 
E5!.  Subjective  allowance  was  made  in  the  analyses  for  the  differences  between  the 
images  of  the  "dent  sizes"  of  the  particles  and  their  "physical  sizes".  It  might 
additionally  be  noted  that  the  minimum  particle  size  that  could  be  reliably  and 
consistently  counted  by  the  analyst  was  about  0.  2 mm;  the  absolute  threshold  of 
size  detectability  was  about  0,05  mm.  Approximately  two  man  weeks  of  photo- 
graphic and  analytic  effort  were  required  to  obtain  the  presented  data. 
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Table  E4,  Number  Concentration  of  Ice  Particles  as  Counted  in  Classes  of  Maximum  Particle  Dimension,  for  Three 
Foil  Samples  Obtained  on  2 February  197  3 
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The  "actual  count"  data  for  the  foil  aamplea  are  liated  in  the  left  hand  columna 
of  Tablea  R4  and  E5,  under  the  identified  sample  headings.  The  normalized 
number  concentrations  of  the  ice  particles,  per  counting  class,  per  cubic  meter  of 
atmospheric  volume,  are  shown  in  the  right  hand  columns.  The  total,  normalized 
numbers  of  the  particles,  N.^,,  are  also  shown.  The  normalizations  were  accom- 
plished through  knowledge  of  the  volumes  of  air.  containing  particles,  that  impinged 
on  the  sample  areas  of  the  foil  during  their  exposure  to  the  airstream  of  the  air- 
craft. (The  "sample  volume",  in  other  words,  is  the  product  of  sample-area  times 
airspeed  times  exposure  interval.  A correction  for  the  "aerodynamic  collection 
efficiency",  of  the  aenaing-probe-of-the-foil-sampling-instrument  for  ice  particles 
of  the  different  sizes,  should  also  be  applied,  but  was  not.  because  of  lack  of  know- 
ledge. i 

It  is  seen  from  Tables  E4  and  E5  that  the  total  number  concentrations  of  the 
ice  particles  ranged  from  about  4100  to  6000  per  cubic  meter.  It  is  also  seen  that 
the  maximum  dimensions  of  the  largest  particles  of  Table  E4  are  somewhat  smaller 
than  the  maximum  sizes  reported  in  Table  E3.  This  is  to  be  anticipated,  since 
the  sample  volumes  of  the  Table  E3  samples  are  much  smaller  (by  a factor  of  200, 
or  so)  than  the  average  "per  particle"  volumes  of  Table  R4. 

W<threga.'dtoSampleNo.  3,  of  Tables  E4  and  E5,  it  may  be  noted  that  the  sizes  of 
the  particles,  as  measured  interma  of  their  maximum  dimensions,  span  a range  that  is 
ab/out  twice  that  for  the  pa  Thieles  sized  according  to  thei  r average  dimensions.  This 
might  be  indicative  that  thopai-ticles  that  "hit  the  foil"  were  generally  "elongated  par- 
ticles", as  opposedto  symmetrical  particles.  However,  a close  inspection  of  the 
original  foil  records  and  photographs  reveals  that,  at  least  for  three  of  the  four  samples, 
the  direction  of  elongation  was  preferentially  "along  the  di  rection  of  the  foil  strip", 
rather  than  across  the  strip.  This  suggests  possible  instrumental-analytical  problems 
of  the  types  indicated  below. 

*The  revolving  drum  of  the  foll-samplerinstrument.  upon  which  the  foil  rests  as 
it  is  carried  past  the  opening  exposed  to  the  airstream.  has  "lathe-turned  ridges" 
around  its  circumference  which  are  spaced  0.25  mm  apart  and  which  serve  to 
"elevate  the  foil"  and  provide  "denting  space"  for  the  particles  that  impact.  When 
particles  strike  the  foil  at  aircraft  speeds,  it  is  suspected  that  the  resulting  dents 
in  the  foil  are  extended  preferentially  along  the  circumferal  "troughs"  between 
these  ridges.  For  large  particles,  the  circumferal  elongation  would  be  relatively 
slif*ht.  compared  with  the  orthogonal  dimensions  of  the  dents.  But,  for  small 
pariicles,  such  as  ice  crystals,  the  distortion  might  conceivably  be  rather  sub- 
stantisl.  It  might  also  be  noted  that  the  aluminum  foil  itself,  when  manufactured 
and  during  its  passage  through  the  instrument,  has,  or  develops,  various 
scratches  and  lines  that  are  predominantly  oriented  in  the  direction  of  the  strip, 
rather  than  crossways.  The  presence  of  such  scratches  and  lines  on  the  foil 
complicate  the  dimensional  determinations  for  small  particles  (the  dents  of  which 
are  very  difficult  to  see  on  the  foil  and  assess).  A careful  analyst,  irrespective 
of  these  problems,  can  usually  judge  the  true  particle  dimensions  fairly  well,  if 
he  works  on  the  original  foil  record  and  uses  various  magnifying  devices  and 
lighting  from  different  angles.  With  a photographic  print  of  the  foil,  however,  the 
analyst  loses  an  appreciable  amount  of  his  judgement  ability,  since  particular 
contrasts,  exposures,  shadows,  illumination  angles,  etc.  have  been  incorporated 
into  the  print,  once  and  for  all,  in  the  photographic  processing. 
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Tht  tample  data  of  Tables  K4  and  ES  were  further  employed  to  estimate,  by 
different  comparative  methods,  the  distributed  and  total  values  of  the  liquid-water* 
content  (Ml,  and  radar  reflectivity  factor  (Z1  of  the  ice  particles.  It  will  be  in- 
structive to  describe  these  methods  and  results  in  some  detail.  We  will  then  sum- 
marize and  draw  conclusions. 

It  may  be  noted  initially  that  three  assumptive  steps  are  required  in  any  es- 
timates of  M (or  Z)  from  particle-size  data  concerning  ice  crystals.  Kirst,  it  is 
necessary  to  know  or  assume  the  type  (three-dimensional  shape*  of  the  ice  crystals 
that  are  present  in  the  storm  at  the  given  altitude.  Furthermore,  even  if 
measurements  or  observations  indicate  that  a given  type  crystal  is  occasionally 
present  in  a population,  or  is  present  only  in  certain  size  ranges,  it  is 
necessary  to  assume  that  ^ the  crystals  of  the  population  have  the  same,  common 
shape.  Second,  it  is  necessary  to  estimate  the  probable,  or  typical,  length, 
breadth  and  thickness  dimensions  of  the  crystals  of  the  particular  type.  Third,  it 
is  necessary  to  estimate  the  effective  water-density  of  the  ice-air  mixture  con- 
tained within  the  volume  defined  by  these  dimensions  such  th.-it  the  water- mass  of 
the  crystals  can  be  assessed.  These  are  the  three  essential  assumptions.  Addi- 
tionally. it  is  conventional  to  compute  the  "equivalent  melted  diameters"  of  the 
crystals  corresponding  to  the  water-mass  values.  From  this  point  on,  the  deter- 
mination of  the  distributed  and  total  values  of  M and  Z is  straightforward,  as  will 
be  demonstrated  later  herein. 

Previous  investigators  have  made  a variety  of  assumptions  about  how  the 
geometry  and/or  density  of  different  ice-crystal  types  might  best  be  approximated. 
These  assumptions,  in  general,  are  based  on  theoretical  reasoning  applied  to 
experimental  data.  Such  work  has  been  reported  by  Auer  and  \>al,  llevmsfield 
and  Knollenberg  and  Kajikawa,  for  example.  * *' 

As  concerns  our  estimations  herein,  we  therefore  have  various  choices  about 
which  literature  methods  and  results  we  migh.  wish  to  employ.  We  elected  to 
follow  the  work  of  Just  two  investigations,  however,  for  reasons  that  are  explained 
below. 

For  the  storm  of  2 February  1973,  we  are  primarily  interested  in  two  different 
types  of  ice  crystals.  We  are  interested  in  the  platelet  type  of  crystals,  because 
(see  Tables  E2  and  E3I  this  was  the  observed  crystal  type  in  the  upper  portion  of 
the  storm  above  26, 000  ft.  We  are  also  interested  in  the  bullet-columnar-rosette 
type  of  crystal,  because  this  is  the  type  that  has  been  implicitly  assumed,  to  date, 

11.  Auer,  A.,  and  Veal,  D,  (1970)  The  dimensions  of  ice  crvstals  in  natural  clouds. 

J,  Atmos.  Sci.  27:919-926. 

12.  Heymsfield,  A.J. , and  Knollenberg*  R.G.  (1972)  Properties  of  cirrus-generating 

cells,  J.  Atmos.  Sci.  29(T);I3S8-1366. 

mu 

13.  Kajikawa,  M.  (1972)  Measurement  of  falling  velocity  of  individual  snow  crystals. 

J.  Meteor.  Soc.  .lapan,  50:577-584. 
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for  all  of  the  AFCRL  computationa  (from  radar  data)  of  the  liquid-water-content 

for  the  SAMS  miaaile  patha  through  the  ice-cryatal  regiona  of  the  Wallopa  atorma. 

It  ia  convenient,  for  illuatration.  firat  to  conaider  ice  cryatala  of  the  bullet- 

12 

columnar  type  and  reference  the  work  of  Heymafield  and  Knollenberg.  Then  we 

will  conaider  columnar  cryatala.  and  alao  plateleta.  referencing  the  work  of 
1 3 

Kajikawa.  It  ahould  be  reiterated  that  theae  inveatigatora  are  merely  two  of 
many  who  have  reported  cryatal  atudiea  in  the  literature;  however,  they  are  re- 
garded aa  "typical  atudiea". 

12 

Heymafield  and  Knollenberg  found  that  for  bullet  cryatala  with  length 
t i O.  'i  mm.  the  width  of  the  cryatal  w was  related  to  the  length  aa 

w 0.  IBS  mm  . (El) 


They  alao  atated  that  the  water-denaity  of  the  cryatala  (in  cirroatratua  at  temp- 
aturea  = -22‘C)  waa  related  to  the  length  aa 


P = 


0.81  r 


-0. 054 


gm  cm 


-3 


(E2) 


and  that  the  maaa  of  the  bullet  cryatala  (nearly  the  name  for  columnar  cryatalajwaa 
given  by 

m = 1.65  X 10*^  f‘- gm  m*^  . (E3) 

The  data  supporting  theae  equations  were  presented  earlier  by  Heymafield. 

The  data  reveals  considerable  scatter. 


In  the  AFCRL  analyses  of  the  radar  data  for  the  SAMS  misrile  trajectories  through 
the  ice-crystal  regions  of  the  Wallops  storms,  we  have  beer:  forced  to  assume  that 
the  ice-crystals  were  of  the  bullet -columnar-rosette  type  (rosettes  are  combina- 
tions of  bullets  or  columns).  This  was  because,  as  discussed  in  R No.  2.  the  only 
available  equation  relating  the  measured  values  of  the  radar  reflectivity  factor  in 
ice  crystals  to  the  liquid-water-content  of  the  crystals  is  an  unpublished  equation 
of  Cunningham  which  is  based  on  certain  aircraft -measurement  data  for  the  bullet - 
rosette  type  of  crystals  that  were  obtained  by  A..I.  Heymsfleld,  while  at  the 
University  of  Chicago.  The  equation  was  deemed  to  be  the  only  one  appropriate 
for  SAMS  application,  since  it  stemmed  from  aircraft  data,  rather  than  surface 
data.  The  use  of  this  equation,  in  the  SAMS  storm  analyses,  implicitly  presumes 
that  the  ice  crystals  are  of  the  bullet-rosette  type,  irrespective  of  whatever  the 
observed  type  might  be. 


14.  Heymsfield,  A.  (1972)  Ice  Cryrtal  Terminal  Velocities.  Technical  Note  No.  41, 
Cloud  Physics  Laboratory,  department  of  the  Geophysical  Sciences, 
University  of  Chicago. 
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With  the  mail  of  the  bullet  (or  columnar)  eryatal  defined  by  Eg.  (E3).  it 
follow!  that  the  equivalent-melted-dtameter  of  such  crystals  is  related  to  the  length 
of  the  crystals  as 

= 0.316  f®*®"  mm  . (E4) 

This  equation  is  shown  plotted  in  Figure  El. 


Figure  El.  The  Relationship, 
for  Different  Crystal  Types. 
Between  the  Length  Measures 
Defined  by  Hsymsfield  and 
Knollenbergl' and  Kajikawa^^ 
and  the  Equlvalent>Melted- 
Dla  meters 


13 

Kajikawa  has  presented  a contrasting  relationship  for  columnar  type  ice* 
crystals,  in  which  the  dimensional  length  of  the  "c  axis"  of  the  columns  (the  length 
of  the  axis  of  symmetry)  is  related  to  the  equivalent-melted-diameter.  This  re- 
lationship is  also  shown  plotted  in  Figure  El.  Kajikawa  additionally  presented 
relationships  for  platelet*type  crystals,  which,  as  mentioned,  was  the  obsenred 
crystal  type  on  2 February  1973.  He  presented  relationships  for  thick-hexagonal- 
plates  and  thin-hexagonal-plates,  in  which  the  "diameter"  of  the  plates  is  related 
to  the  equivalent-melted-diameter.  Both  of  these  relationships  are  also  illustrated 
in  Figure  El.  It  waa  impossible  to  distinguish  between  thick  and  thin  plates  from 
the  snow-stick  observations  of  2 February:  hence,  the  actual  crystals  could  have 
been  either,  or  some  combination. 

12  13 

We  can  use  these  relationships  of  Heymsfield,  Knollenberg,  and  Kajikawa  * 
to  determine  the  equivalent-melted-diameters  of  the  ice  particles  of  the  four  foil 
samples  cited  earlier.  The  principal  problem  is  to  establish  an  equivalence 
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between  the  size  meaeured  obtained  from  the  analyses  and  the  measures  defined 
by  these  authors. 

Ice  crystals  of  the  regular  geometric  types  under  discussion  (bullets,  columns, 
plates)  will  tend  to  fall  gravitationally  through  a static  atmosphere  with  preferential 
orientation.  When  entering  the  sensing  orifice  of  the  foil  sampling  instrument., 
however,  it  is  logical  to  suspect  that  the  crystals  would  he  "tumbled"  by  the 
"streamline  divergence"  around  the  sensing  probe,  such  that  the  crystals  would 
impinge  on  the  foil  with  a variety  of  orientations,  probably  of  random  type.  If  this 
is  true,  the  signatures  of  the  crystals,  left  on  the  foil  in  the  form  of  dent  impres- 
sions, would  not  be  directly,  or  easily,  relatable  to  the  geometric  dimensions  of 
the  individual  crystals,  which  are  the  sice  measures  used  by  the  theorists  and 
experimentalists.  Probability  considerations  are  involved  which  cannot  be  defined 
without  full  and  complete  knowledge  of  the  nature  of  the  ice  crystal  population  in 
the  atmosphere  and  of  the  aerodynamic  flow  field  around  the  aircraft  sensing  probe. 
(We  are  at  an  impasse  regarding  the  first  requirement,  because,  if  we  knew  the 
nature  of  the  ice-crvstal  population,  we  would  not  need  the  foil  sampling  instrument, 
but  would,  instead,  use  the  instrument  that  provided  such  knowledge. ) 

Because  of  our  Inabilities  to  specify  how  the  ice-crystals  might  "tumble",  or 
"tilt",  ns  they  enter  the  sensing  probe  of  the  aircraft,  we  are  left  with  no  choice 
but  to  assume  that  the  length  and/or  breadth  dimensions  of  the  ice-crystal  signa- 
tures measured  from  the  foil  record  can,  somehow,  be  related  to  the  particular 
dimensions  of  the  individual  crystals,  as  defined  by  Heymsfield,  Knollenberg,  and 
Kaiikawa.  for  example.  W e make  this  assumption  and  presume  that  we  might  be 
able  to  establish  the  rough  hounds  of  possibility,  first,  by  relating  the  maximum 
signature  lengths  measured  from  the  foil  to  the  length  measures  of  the  above  authors 
and,  second,  by  relating  the  average  signature  dimensions  from  the  foil  to  the 
length  measures  of  these  authors. 

If  the  maximum  particle  dimensions  of  the  foil  samples  of  Table  E4  are  assumed 
to  be  identifiable  with  the  length  measures  of  Heymsfield.  Knollenberg,  and 
Kajikawa,  for  bullet-columnar  crystals,  and  with  the  diameter  measure  of  Kaiikawa, 
for  thick  plates  and  thin  plates,  then  the  data  of  Table  E4  can  be  converted  through 
use  of  the  curves  of  Figure  El,  to  the  data  shown  in  the  upper  part  of  Table  E6,  which 
lists  the  number  concentrations  of  the  ice  particles  in  size  classes  of  equivalent- 
melted-diameter.  In  contrast,  if  the  average  particle  dimensions  of  the  foil  samples 
of  Table  E5  are  assumed  to  be  identifiable  with  the  length  measures  of  these  authors, 
the  Table  F25  data  can  be  converted  to  that  shown  in  the  lower  part  of  Table  E6.  (It 
should  be  mentioned  that  "normalization  adjustments"  were  performed  on  the 
Table  E4  and  E5  data  to  convert  to  the  common  class  diameters  of  Table  E6.  Such 
normalizations  were  necessary  to  permit  the  comparison  of  the  table  results,  be- 
tween samples  and  between  the  different  ice-crystal  types.  > 
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From  Table  IC6.  it  la  aeen  that  aubatantial  dlfferencea  in  the  apectral  diatribu- 
tion  of  the  number  concentrationa  of  the  ice  particlea  of  the  aamplea  occur  in 
aaaociation  with  the  different  aaaumptions  that  are  made  about  the  ice-cryatal  type, 
with  the  different  literature  treatments  of  common  crystal  types  (that  is,  Ileymsfield 
and  Knollenberg  bullets  and  columns  vs  Kajikawa  columns)  and  with  the  different 
methods  of  assessing  the  particle  sizes  from  the  foil  aiftnatures  and  associating 
these  dimensions  with  the  particular  ones  of  the  cited  authors.  It  is  also  seen  that 
the  total  number  concentrationa  of  the  particles  in  the  samples  are  unchanged  from 
those  of  Tables  F4  and  K.'i.  This  must  be  true,  of  course,  since  the  re-classifica- 
tion of  the  particles  in  classes  of  equlvalent-melted-diameter  does  not  affect  the 
total  number  concentration. 

The  number  concentration  data  of  Table  K6  are  readily  converted  into  the  cor- 
responding, higher-moment  distributions  of  liquid-water-content,  M,  and  radar 
reflectivity  factor,  The  liquid-water-content  for  any  given  size  class  of  Table 
K:6  data  is  given  by 

n > lO'^p  N. 

‘ 'U  -3 

= g gm  m (E5) 

-3 

where  N.  is  the  number  concentration  of  the  ice  crystals  in  the  given  class,  in  m ; 
Dgj  is  the  mid-equivalent-melted-diameter  of  the  class,  in  mmj  and  p Is  the  density 
of  liquid  water,  equal  to  l.Ogmcm*^.  The  total  liquid-water-content,  for  all 
size  classes  of  the  distribution,  is  then  given  simply  by 
l=n 

M = M gm  m*^  , (E6) 

1=1  '^i 

where  n is  the  total  number  of  the  classes. 

Likewise,  the  class  values  of  the  radar  reflectivity  factor  are  given  by 

Z = N.  D®  mm®  m"’’  , (E7) 

c.  1 e, 

1 I 

and  the  total  reflectivity  factor  is 
i=n 

/.=  T,  mm®  m'^  . (E8) 

Ll  ‘=i 

The  distributed  and  total  values  of  M corresponding  to  the  number  concentra- 
tion data  of  Table  ICe  are  presented  in  Table  E7.  The  distributed  and  total  values 
of  / are  presented  in  Table  ER. 
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Table  E7.  Distributions  of  Ice- Particle  Liquid-Water-Contents  for  Different  Sizing  Methods,  Different  Samples,  and 
Different  Assumptions  About  Ice-Crystal  Type  and  Analytical  Procedures 
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These  tables  show  that  large  differences  in  the  distributed  and  total  values  of 
M and  Z occur  dependent  on  the  sizing  methods  used  in  the  foil  measurements,  on 
the  ice -crystal  type,  and  on  the  crystal-geometry  and  density  assumptions  employed 
by  the  different  Investigators. 

The  differences  in  total  M and  total  Z which  are  associated  with  the  different 
foil-measurement-methods  (and  with  the  uncertainty  of  how  to  relate  these  measure- 
ments to  those  of  the  investigators  cited  herein)  are  illustrated  by  the  particular 
data  for  Sample  No.  3,  of  Tables  K7  and  K8.  The  particle  sizes  in  this  sample 
were  measured  both  in  terms  of  maximum  particle  dimensions  and  average  particle 
dimensions.  The  different  sizing  methods,  for  common  ice-crystal  types,  are  seen 
to  produce  differences  in  total  M ranging  from  about  a factor  of  2 to  a factor  of  3 
(for  the  sample  data  listed  in  Table  E7).  The  corresponding  differences  in  total  Z 
varied  from  about  a factor  of  5 to  a factor  of  12  (for  the  sample  data  listed  in 
Table  E8). 

It  will  bt!  recalled  that  the  observed  crystal-type  at  the  storm  altitudes  where 
the  foil  samflea  were  acquired  was  "plates".  The  data  of  Tables  R7  and  Ii8  (for 
the  individual  samples)  reveal  that  lack  of  knowledge  of  whether  these  were  "thick 
plates"  or  "thin  plates"  could  cause  differences  of  total  M of  the  order  of  a factor 
of  3 to  a factor  of  4 and  differences  of  total  Z of  the  order  of  a factor  of  8 to  a factor 
of  13.  These  differences  or  "uncertainty  factors",  would  lie  in  addition  to  those 
cited  in  the  paragraph  preceeding. 

The  differences  between  investigators  concerning  their  freatments  of  a common 
ice-crystal  type  are  illustrated  by  the  t.able  comparisons  between  the  lleymsfield 
and  Knollenberg  "bullets  and  columns"  and  the  "columns"  of  Kajikawa.  The  total 
M values  differ  by  about  a factor  of  2 to  a factor  of  3;  the  total  Z values  differ  by 
about  a factor  of  5 to  a factor  of  9. 

If,  on  the  day  of  this  storm,  we  had  had  a complete  lack  of  knowledge  of  the 
ice-crystal  type  and,  hence,  as  in  the  case  of  other  SAMS  storms,  had  been  forced 
to  assume  that  they  were  "bullets,  columns  or  rosettes"  ((for  consistency  with 
the  crystal  type  implicitly  assumed  in  the  M vs  Z equation  applied  to  the  SAMS 
radar  data  (see  footnote  on  page  106))  then  we  would  have  been  subject  to  uncer- 
tainties of  total  M and  total  Z which  could,  conceivably,  have  been  as  large  as  any 
of  the  differences  evidenced  by  Sample  No.  3 (of  Tables  E7  and  R8).  The  differ- 
ences, for  this  sample,  are  seen  to  be  as  large  as  a factor  of  19,  for  total  M,  and 
a factor  of  340,  for  total  Z.  Actually,  the  normal,  typical  uncertainties  for  foil 
replicator  data  would  not  be  as  large  as  these  maxima.  But,  from  the  evidence  of 
this  sample,  plus  the  others  investigated  herein,  it  would  seem  logical  to  antici- 
pate uncertainties  of  M ranging  upward  to  perhaps  as  large  as  a factor  of  10  and 
uncertainties  of  Z ranging  upward  to  perhaps  as  large  as  a factor  of  .lO, 

The  variability  spread  of  the  M and  Z values  of  the  foil  samples  is  further 
illuminated  in  Figure  E2.  The  four  diagrams  of  this  figure  show,  for  each  of  the 
four  samples,  the  plotted  points  of  M and  Z that  correspond  to  the  values  listed  in 
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Tnblea  K7  nnd  Kfl.  The  aprend  of  the  valuea  derived  from  the  different  cryatal-type 
iind  computational  aaaumptiona  ia  indicated  by  the  ahaded  areaa.  The  apread  for 
the  aamplea  (Numbera  I,  3,  and  41  in  which  the  ice  particlea  were  meaaured  in 
terma  of  their  maximum  dimenaiona  ia  indicated  by  the  "dotted"  ahadint;.  The 
apread  for  the  aamplea  (Numbera  2 and  31  in  which  the  ice  particlea  were  meaaured 
in  terma  of  their  average  dimenaiona  ia  indicated  by  the  "croaa-hatched"  ahading. 
Both  typea  of  ahading  appear  in  the  diagram  for  Sample  Number  3,  aince  the  par- 
ticlea of  thia  aample  were  meaaured  by  both  methoda. 

It  ia  only  with  reference  to  thia  Sample  3 diagram  that  the  full  range  of  the 
"uncertainty  apread"  of  the  M and  '/.  valuea  pertaining  to  the  foil  meaaurementa 
may  oe  illuatrated.  The  uncertainty  apread  of  the  M valuea  ia  delineated  by  the 
arrowa  labeled  AM.  The  uncertainty  apread  of  the  / values  is  delineated  by  the 
arrows  labeled  A/.  As  mentioned  previously,  the  spread  of  the  M values  is 
approximately  a factor  of  19;  that  of  the  values  is  approximately  a factor  of  340. 


H3.  DATA  (X)RRK.SP0NI)KIN(;K  WITH  TIIK  .SAMS  M v*  /. 

KQUATION  KOR  IC.K  CRY.STAUS 

It  ia  of  interest,  at  this  point,  to  consider  the  M and  7.  differences  that  exist 
between  the  foil-sample  values  discussed  above  and  the  values  that  would  be  deduced 
from  use  of  the  power-function  relationship  that  has  been  employed  with  the  radar 
data  for  the  SAMS  missile  trajectories. 

The  power-function  relationship  between  M and  7.  that  has  been  employed 
universally,  to  date,  with  all  radar-measurement  data  for  the  ice-crystal  regions 
of  the  Wallops  Storm  is 

M = 0.038  gm  m’^  . (E9) 

This  equation  was  discussed  in  R No.  2 and  was  also  presented  in  Table  1 
herein. 

A plot  of  Eq.  (E9)  is  shown  in  Figure  E3.  Also  shown  in  the  figure  are  the 
plotted  points  of  M vs  Z for  the  foil  samples  of  Tables  E7  and  E8.  The  points  are 
identified  by  the  same  symbol  coding  used  in  F'igure  E2.  except  that  the  sample 
numbers  are  indicated  by  subscripts. 
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2 (mm^  m"*) 

Figure  K3.  An  Illustration  of  How  the  M vs  / Data  of  Tables  K7  and  K8  Fit  the 
Ileymsfield-Cunningham  Regression  Kquation  for  Hullet- Rosette  Ice  Crystals. 
The  different  sizing  methods,  samples  and  assumptions  discussed  in  the  text 
are  indicated  by  the  symbol  coding  of  the  plotted  data  points. 


It  is  seen  that  the  plotted  points  of  the  foil  samples  all  lie  reasonably  close  to 
the  line  of  the  equation  relationship.  The  M values  of  the  samples  are  somewhat 
smaller  than  predicted  by  the  equation;  the  Z values  are  somewhat  larger.  The 
agreement  is  very  good,  however,  with  the  M values  departing  from  the  equation 
generally  by  less  than  a factor  of  1.4;  the  Z values  departing  generally  by  less  than 
a factor  of  2. 


W.  A PARADOX 

There  is  a paradox,  here,  that  the  reader  will  immediately  detect.  It  may  be 
elucidated  in  the  form  of  a question.  How  is  it  possible  that  foil-sample  data  which 
evidence  "uncertainty  scatter"  exceeding anorderof  magnitude inM  and  two  orders 
of  magnitude  in  Z can  "conform  to",  and  "agree  with",  the  values  of  equation 
prediction  to  within  less  than  a factor  of  two  difference?  Obviously,  some  param- 
eter exists,  other  than  M or  Z,  that  is  descriptive  of  the  departure  of  these  data 
points  from  the  regession  line.  What  is  this  parameter  and  what  is  the  nature  of 
the  departure  situation?  The  remainder  of  this  appendix  will  be  devoted  to  these 
questions  and  their  implications  for  SAMS  (Readers  who  might  not  be  interested 
in  the  background  and  details  of  the  explanations  are  referred  directly  to 
Section  F'6. ) 
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HACKUKOUNI)  CONSIDKRATIONS 


KS.  I Tlir  M Vi  / KqiMlioiM  for  Sin|(lr  Hydrumrlrur  Samptri 

The  reader  wtll  note  from  FT^ure  E2  that,  althoufth  the  M and  Z values  of  the 
foil -sample  data  scatter  wildly,  dependent  on  analyses  methods  and  assumptions, 
the  "scatter  envelopes"  for  the  samples,  indicated  by  the  shading,  have  a distinct 
"slope"  which  is  essentially  the  same  for  all  of  the  samples.  This  "comes  about", 
in  major  part,  because,  irrespective  of  sampling  methods  and  assumptions,  there 
is  a fundamental  mathematical  relationship  that  always  prevails  (for  any  single 
sample  and  all  single  samples)  between  the  liquid-water-content  derived  for  the 

3 

sample,  which  is  a function  of  H , where  D is  the  equivalent-melted-diameter, 

^ ^ s 

and  the  radar  reflectivity  value  derived  for  the  sample,  which  is  a function  of  D . 

Thus,  M • f(D^)  is  related  to  Z - fiD®)  as 
e e 

M * k Z®-®  gm  m‘^  . (ElO) 


where  k is  a coefficient  that  has  a particular  value  for  any  single  hydrometeor 
sample. 

Therefore,  for  any  sample  data,  for  any  type  of  hydrometeors  (not  necessarily 
ice-crystals,  also  including  rain  and  snow),  in  which  M and  Z are  both  computed 
from  the  same  size  distribution  data,  the  exponent  of  Z,  in  the  power-function  re- 
lation for  single  samples  of  Eq.  (ElO)  is  mathematically  dictated  to  have  the  value 
of  0.5*. 

To  demonstrate  this,  consider  the  classified  data  of  any  hydrometeor  sample, 
in  which  classification  has  been  accomplished  m terms  of  drop  diameter,  in  the 
case  of  rain,  or  in  terms  of  equivalent-melted-diameter,  in  the  case  of  snow  or  ice 
crystals.  For  such  data,  we  may  write,  with  reference  to  Eqs.  (E5)  and  (E6), 


i*n 

Nl  "l  • "a  ''2  • "3  ”3  • '«4  ”3 


N D® 
n n 


(Ell) 


where  the  subscript  "s"  on  M signifies  that  this  is  a llquld-water-conlent  value 
computed  from  a single,  individual  hydrometeor  sample,  where  Nj,  Ng,  Ng,  ••• 
are  the  number  concentrations  of  the  drops  or  particles  in  the  succt’ssive  diameter 


This  presiunes  that  the  diameter  values  of  the  size  classes  are  properly  defined 
for  the  particular  moment  of  the  distributed  parameter.  For  example,  the 
technically -accurate  class  diameter  for  M will  differ  from  that  fcr  Z.  For  a large 
number  of  classes,  say  n > 20,  such  differences  and  their  mathematical  conse- 
quences are  very  slight.  The  differences  are  appreciable  for  n < 10  however. 

We  also  become  Involved  with  problems  of  non-representative  sampling  in  such  case, 
as  discussed  on  page  151  and  in  Appendix  H. 
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(or  equivalent -nielted-ctiameter)  rlaBses,  where  l)j,  Dj,.  •••  1)^  are  the  mld- 
dianietera  of  the  succeaBlve  claBBeB.  where 


C 


n X 


10 


-3 

cm  mm 


(i:i2) 


■3 

and  p 1b  the  dennity  of  liquid  water,  equal  to  1.0  co'  ‘’O'  . It  flhould  be  noted  that 

the  lower  diameter  boundary  of  the  first  Hlze  flaas  in  1)  * 0. 

With  reference  to  Kqfl.  (K7)  and  (K8»,  we  may  also  write, 


l«n 


I.  N,  1),  ‘ N.,  1)“  • N,  I),  N.  ir  ...  N 1) 
j^jli  2 2 3344  nil 


(i;i3) 


where  the  Nj's  and  Dj'fl  are  iilentical  to  those  of  I'lq.  (Kill. 

Consider  that  the  data  of  any  civen  hydrometeor  sample  described  by  Kqs. 

(F;11),  (K12),  and  (K13)  are  linearly-classified,  such  that  the  diameter  widths  of 
the  classes  are  commonly  the  same  across  the  entire  diameter  ranee  of  the  sample, 
(Such  classification  is  not  necessary  for  the  proofs  followinc:  it  is  merely  a con- 
venient example.  The  same  results  may  be  demonstrated  for  any  method  of 
classification,  as,  for  instance,  c®onietric  ciassiflcation,  arithmetic  or  geometric 
progression,  truncated  distributions,  etc). 

With  linear  classification,  assuming  that  there  are  n diameter  classes  of  data, 
the  mid-diameters  of  the  successive  classes,  1 » 1 through  i = n,  are  given  by 


D 


I 


(21  - 1) 
(2n  - n 


I) 


(K14) 


where  D is  the  mid-diameter  of  the  n'th,  or  last,  class,  which  contains  the  drops 
or  particles  of  the  largest  size, 

*f'or  "Irregular  classification",  in  which  the  diameter  widths  of  the  classes  differ 
between  classes,  the  Dj's  of  the  successive  classes  cannot  be  generally  specified 
in  terms  of  Op.  However,  the  ratios  of  Hj/lJ  are,  of  course,  known  for  each 
particular  class. 

For  geometric  classification,  as  used  in  the  SAMS  tables  of  Appendix  G,  the 
geometric  mean  diameter  of  the  successive  classes  is  given  by 


where  is  the  diameter  at  the  lower  boundary  of  the  first  slxe  class  and  Dj,  is 

the  geometric  mean  diameter  of  the  n'th  or  last,  class.  Equations  for  Di  for  vari- 
ous other  types  of  classification  can  also  be  written  without  particular  difficulty. 
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Equation  (E14)  may  b*  autatttutad  into  Eq.  (Ell),  to  replace  the  Dj,  D^,  Dg, 
etc.  diametera  of  the  latter  with  the  equlvalenta,  with  the  reeult 

C 

M.  • 2--  T,  (21  - 1)^  N,  . (E15) 

" (2n  - 1)^  i.l  ‘ 


Similarly,  Eq.  (E14)  may  be  eubetituted  into  Eq.  (E13)  to  obtain 
D*  1-n 

z,  ■ 2— ir  Z (21  - D®  N,  . (E16) 

■ (2n  - 1)®  1. 1 ‘ 

3 

If  we  solve  Eq.  (El 6)  for  and  substitute  the  result  into  Eq.  (E15),  we  find 

that 

Ms-kZs®-®,  (E17) 

where 

i«n  - 

C 22  (2i  = !)•*  Nj 

- W 

“fl^n =j~0.5  (E18) 

22  (21  - D* 

_ i»l 


is  a coefficient  that  depends  on  the  particular  values  of  the  class  number  concen- 
trations of  the  drops  or  particles  in  the  diameter  classes,  i * 1 through  i > n,  of 
the  given  hydrometeor  sample. 

ES.2  The  Form  Factor  and  Examplca 

Actually,  the  coefficient  k depends  on  two  identifiable  features  of  the  number- 
concentration  spectra  of  the  sample,  as  will  be  demonstrated.  It  depends  (1)  on 
the  total  number -concentration  of  the  drops  or  particles  of  all  sices  in  the  sample 
and  (2)  on  the  "form  of  the  distribution",  as,  for  example,  a monodispersed-type 
distribution  vs  a uniform -type  distribution  vs  an  exponential -type  distribution,  etc. 
We  may  illustrate  this  dependence  in  the  following  manner. 

If  Nj  is  the  total  number  concentration  of  the  drops  or  particles  of  the  sample, 

then 

l»n 

N_,  > E N.  . (E19) 

^ i-1  ‘ 
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If  we  divide  both  aldei  of  thli  equation  by  N^,  we  may  then  write  the  reveraed 
equation 
l"n 

E o,  . 1.0  . (E20) 

1-1  ‘ 

whore 

Oj  . Nj/N.j.  . (E21) 


By  the  uae  of  Eqa.  (E20)  and  (E21).  we  are  permitted  to  write  the  equation 
for  k In  the  form 


k - 


(E22) 


where 


i*n 

E 

i-i 

(21  - 1)^  Ofj 

'l«n 

^175 

E 

(21  - D®  a, 

1-1 

\ 

(E23) 


la  the  "form  factor"  of  the  diatrlbutlon.  Equation  (E22),  with  F aa  defined  by  the 
above  equation,  demonatratea  the  dependence  of  k on  the  total  number  concentration 
of  the  dropa  or  partlclea  within  the  given  aample,  alao  its  dependence  on  the  non- 


dlmenalonallzed,  number-concentration  coefflclenta,  Oj,  a^,  etc.^  aee  Eq. 

(E21),  which  have  different  valuea  of  the  diatrlbutlon”.'*' 

*The  "form  of  the  distribution".  In  other  words,  describes  the  msnner  In  whirh  the  number  ronrentrstlons 
of  the  drops  or  particles  In  the  different  diameter  riasses  are  apportioned  relative  to  earh  other,  over 
the  diameter  ranite  of  the  sample,  and  relative  to  the  total  number  concentration  value  for  the  sample. 


Since  numerous  references  to  the  "form  factor"  will  be  made  In  the  succeedlnc  paragraphs,  it  Is  pertinent 
to  note  that  the  form  factor  for  irreeularly  classlfleil  data  (In  whirh  the  diameter  widths  of  the  riasses 
differ  between  classes  I Is  given  by  I 


1 1 

"l  "l 

l-n 

1’ 

D*  a, 

i-l 

1 1 

(K23al 


where  Dj  is  the  algebraic  mid-diameter  of  any  given  class  and  (Tj  is  as  defined  by  Kq.  (K21).  This  Is  the 
most  generalized  form  of  the  F equations. 

For  geometric  classlflratton,  as  used  in  the  SAMS  tables  of  Appendl*  C,  the  form  factor  Is  specified  by 


l*n  a I 

T*  (D./D,  r"  ' a, 
w n 1.  i 

>1 (F23b) 


I?n 

m > 

"HTT 

z 

'"n"’l,’^  -^l 

1-1 

where  D],  li  the  diameter  at  the  lower  boundary  of  the  first  size  class  and'Dp  is  the  geometric  mean 
diameter^  of  the  last,  or  nth  class.  Again  a j is  as  defined  by  Fq.  IF21). 
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A specific  example  might  be  helpful  at  this  point.  Consider  a simple  distribu- 
tion of  hydrometeors  in  which  there  are  just  three  diameter  classes.  Assume  that 
the  number  concentrations  of  the  drops  or  particles  in  these  classes  decreases 
with  increasing  diameter,  in  an  exponential-type  manner,  such  that 

Nj  = 4800, 

Ng  = 1100. 

and 

N,  = 46.  (E26) 

The  total  number  concentration  of  the  drops  or  particles  of  the  sample  is 
Nt  = Nj  4 N2  4 , (E271 

from  Eq,  (ElOl  or 

N.p  = 5046  , (E28> 

for  the  N.  values  cited.  This  number  total  is  of  the  same  order  as  those  of  the  foil 
samples  of  Table  E6. 

The  a coefficients  for  the  three  diameter  classes  are,  respectively,  from 


Eq.  (E21) 

a,=  0.  807  , (E29) 

«2=  0.  185  , (E30) 

and 

a^=  0.00774  . (E311 

These  coefficients  substituted  in  Eq.  (E23)  yield  a value  of 
F=  0.423  , (E32) 

for  the  "form  factor".  Then,  since 

= 77.  11  (E33) 


(E24) 

(E25) 
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and 


C = ^ = 5.  24  X lO"*  . (E34) 

the  value  of  k,  from  Eq.  (E22)  becomes 

k=  0.0171.  (E35) 

A second  example  will  illustrate  how  the  values  of  the  above  parameters  would 
change  for  a hydrometeor  sample  of  completely  different  type.  Consider  a sample 
distribution  consisting  of  three  diameter  classes,  as  before,  but  in  which  the  num- 
ber concentration  of  the  drops  or  particles  in  the  classes  are 

Nj  = 70  , (E361 

N2=75.  (E37) 


and 


Ng  = 72  . (E38i 

which  gives  a total  number  concentration  of 

N.j,=  217.  (E39) 

This  distribution  differs  radically  from  the  former,  since  the  number  total  of 
the  drops  or  particles  is  much  smaller  and  since  the  class  number  concentrations 
are  approximately  the  same  in  each  of  the  three  classes  (a  "uniform  type"  distribu- 
tion), as  compared  with  the  "exponential  type"  distribution  of  the  first  example. 

The  a coefficients  for  this  new  sample  are,  respectively, 

0j  = 0.  323  , (E40) 

02  = 0.  346  . (E41) 


and 


02  = 0.  332  , <E42) 

which  values,  inserted  in  Eq.  (E23>.  yield 

F = 0.  694  . (E43) 
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When  thie  form-factor  value  and 


^^-14.73  (E44) 

are  substituted  into  Eq.  (E22)  together  with  the  C value  of  Eq.  (E34)  the  k value 
for  the  sample  becomes 

k=  0.00530.  (E4Si 

A comparison  of  the  k values  of  the  first  and  second  samples  described  above 
shows  that  the  values  differ  by  about  a factor  of  3.  2.  in  the  ratio  amount  of  the 
larger  divided  by  the  smaller.  It  is  seen,  moreover,  that  of  the  two  equation  terms, 
of  Eq,  (E22)  that  produced  these  differences,  the  term  differed  in  ratio 
amount  by  about  a factor  of  5.  2 between  the  two  samples;  whereas  the  ratio  differ- 
ence in  the  form-factor  term  was  approximately  0. 610  (or  a factor  of  1. 6,  when 
inverted). 

The  salient  point,  here,  is  that,  even  for  radically  different  assumptions  about 
the  characteristics  of  two,  separate  samples  of  precipitation-size  hydrometeors, 
the  differences  in  the  form-factor  term  of  Eq.  (E22)  will  generally  be  much  smaller 
than  the  differences  in  the  Vnt  term  (in  causing  differences  of  k between  samples). 

This  is  further  illustrated  by  reference  to  Table  D2,  of  Appendix  D,  and  to 
Tables  E4,  ES,  and  E9,  of  the  present  appendix.  In  each  table,  the  values  of 
F and  k are  listed  for  the  different  hydrometeor  distributions.  The  ranges  of  these 
values  are  summarized  in  Table  ElO.  It  is  seen  that  the  values  and  ranges  of  F 
are  approximately  the  same  for  rain  and  ice  crystals.  But  the  values  and  ranges 
differ  appreciably  between  the  two  hydrometeor  types  and  these  differ- 
ences are  directly  reflected  in  the  k value  differences  between  types,  see  Eq.  (E22). 


If  cloud-size  hydrometeors  are  included  in  the  smallest  size-class  of  a distribu- 
tion of  precipitation-size  hydrometeors,  these  statements  are  no  longer  true.  The 
inclusion  of  cloud -size  hydrometeM®,  which  have  large  number  concentration,  will 
materially  increase  the  value  of  *^7  (over  that  for  precipitation -size  hydrometeors 
alone)  and  will  also  materially  decrease  the  value  of  F.  However,  the  inclusion  of 
the  cloud-size  hydrometeors  does  not  change  the  k value,  or,  s^most,  only  changes 
it  slightly.  This  non-variance  of  k comes  about  because  the  contribution  of 

the  cloud -size  hydrometeors,  in  Eq.  (E22),  is  almost  perfectry  counterbalanced  by 
a compensating  decrease  in  the  F value,  as  computed  from  the  series  ratio  of 
Eq.  (E23)  (or  trom  the  more-general  Eq.  (E23a)).  This  situation,  of  the  inclusion- 
exclusion  of  the  cloud-size  hydrometeors,  has  been  investigated  extensively.  It 
may  be  stated  that  the  k values  for  rain  and  large -snow  are  insensitive  to  the  inclu- 
sion of  any  hydrometeors  smaller  than  about  80p  (equivalent-melted-diameter)  and 
that  the  k values  for  small -snow  and  ice-crystals  are  insensitive  for  diameter  sizes 
smaller  than  about  70fi  and  30  p , respectively.  These  diameters  cited  are,  in 
essence,  the  lower  truncation  limits  of  spectral  significance  (for  any  sample  data 
or  theoretical  computations  involving  k,  M or  Z,  or  their  interrelationships). 
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The  Table  MIO  information  also  reveals  that  the  values  and  ranges  K, 

and  k are  approximately  the  same  for  the  basic  data  und  for  the  data  converted  into 
equivalent-melted-diameter.  This  suggests  the  possibility  that  the  k values  for 
distributions  of  ice  hydrometeors  might  be  deduced,  to  a reasonable  first  approxi- 
mation, from  the  basic  data  themselves,  without  the  assumptive  necessity  ol'  con- 
verting the  nebulous  length  measures  for  crystals  into  equivalent-melted-diameters. 

K.5.H  Valuri  of  (lie  Kurin  Karlur  for  Varioii*  Type*  of 
Hydronirteor  Dblribuliun 

The  concept  of  the  form  factor  and  of  the  equation  relationships  pertaining  to 
single  hydrometeor  samples  can  be  exceedingly  useful  for  SAMS  purposes,  as  we 
will  discuss.  However,  we  must  still  provide  additional  background  information 
for  such  discussions  to  be  fruitful.  In  this  vein,  we  have  considered  various  differ- 
ent types  of  hydrometeor  distributions  and  have  computed  the  associated  form  factor 
values.  Certain  of  these  distributions  are  illustrated  in  Figures  E4  and  E5,  Ex- 
ponential and  modified- exponential  type  distributions  are  shown  in  Figure  E4; 
bi-modal  distributions  of  different  kinds  are  shown  in  Figure  E5.  Truncation 
effects  on  the  F values  are  illustrated  in  both  figures.  It  is  seen  that  the  F values 
for  most  distributions  range  generally  from  about  0.  2 to  1.0,  The  values  cannot 
exceed  1,0,  which  is  the  value  for  mono-dispersed  distributions.  Values  smaller 
than  0.  2 can  exist,  tlieoretically,  but  are  unlikely  to  be  of  common  occurrence  in 
atmospheric  distributions  of  precipitation-size  hydrometeors.  For  example,  small 
F values,  approaching  zero,  can  be  obtained  in  bi-modal  distributions  having  very- 
large  spacing  between  the  modal  peaks.  But  these  would  be  unusual  distributions. 

It  may  be  stated  that  the  F values  for  exponential  distributions  will  never  be  smaller 
than  0,  222,  Irrespective  of  truncation  (see  Section  HI  and  Figure  HI,  of  Appendix  H). 
The  F values  for  distributions  in  which  the  particle  number  concentrations  in  the 
classes  decrease  at  a "rate"  greater  than  exponential,  with  increasing  particle 
size,  can,  under  certain  circumstances  (see  the  fifth  histogram  from  the  left  at  the 
top  in  Figure  E4,  also  the  footnote  on  page  122)  be  smaller  than  0.  2. 
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are  in  terms  or  relative  concentrations.  No  diameter  scale  is  indicated  along  the  abscissa,  since, 
with  linear  classification,  the  F values  depend  only  on  n and  not  on  the  absolute  diameter  widths  ol 
the  classes  or  the  absolute  diameter  range.  (See  Figure  E8  and  the  associated  text  discussion  if 
there  are  questions  concerning  the  ordinate  and  abscissa  scales! 
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diameter  scale  is  indicated  aloni;  the  abscissa,  since,  with  linear  classification,  the  F values  depend 
only  on  n and  not  on  the  absolute  diameter  widths  of  the  classes  or  the  absoltite  diameter  range. 

(See  Figure  E8  and  the  associated  text  discussion  if  there  are  questions  concerning  the  ordinate 


To  verify  these  statements,  reference  is  made  to  the  F values  for  dlsdrometer 

■ moles  of  rain  which  are  shown  plotted  In  the  first  diagrams  of  Figures  E9  and 

15 

ElO,  also  to  the  values  for  the  large-snow  samples  of  Ohtake  and  Henml  of  the 
first  diagram  of  Figure  Ell,*  and  to  the  values  for  the  Ice  crystal  distributions  of 
PVM-5^®  shown  In  the  first  diagram  of  Figure  E12,**  It  Is  seen  that  the  F values 
for  the  rain  samples  range  from  about  0.3  to  0.9.  The  values  for  large-snow  range 
from  about  0. 1 to  1.0,  with  only  six  of  the  samples  (of  174  total)  evidencing  values 
smaller  than  0,2,  The  values  for  ice-crystals  range  from  about  0.  35  to  0.7.  Hence, 
at  least  for  the  samples  of  these  data  sets,  the  statements  of  the  above  paragraph 
are  generally  verified. 

E5.4  Mullipir  llydromelrur  SamplM  and  the  M vi  / Kegmaion 
Kqualiona  Expreaaed  in  Trrma  of  k,  hj,  and  F 

Part  of  the  background  required  for  the  answer  to  the  "paradox  question" 
raised  earlier  has  been  established  to  this  point.  We  now  turn  to  a consideration 
of  regression  analyses,  which  Is  the  essential  "next  step". 

In  any  regression  analysis,  the  equation  line  of  "best  fit"  is  sought  that  des- 
cribes the  "association  trend"  between  the  "sample  values"  of  two  variables  (usually 
two).  The  "sample  values",  when  cross  plotted,  may  reveal  linear,  logarithmic, 
or  other  forms  of  relationship  and  least-squares  methods  are  generally  used  to 
establish  the  criteria  of  "best  fit"  for  the  regression  line,  also  to  establish  the 
particular  values  of  the  coefficients  or  exponents  of  the  regression  equation. 

For  the  M and  2 values  determined  from  hydrometeor  samples,  it  has  been 
conventional  to  "fit"  the  cross -plotted  M vs  Z points  of  the  multiple,  individual 
samples  with  a regression  equation  of  power -function  form,  that  is, 

M = KZ^  , (E46) 


15.  Ohtake,  T. , and  Henml,  T.  (1970)  Radar  Reflectivity  of  Aggregated  Snowflakes 

preprints  of  papers  presented  at  the  l4th  Radar  Meteorology  Conference, 

Tucson,  Arizona,  17-20  November  1970,  pp  209-211. 

16.  Barnes,  A.  A. , Nelson,  L.  D. , and  Metcalf,  J.  I,  (1974)  Weather  Elocumentatlon 

at  Kwajaleln  Missile  Range,  AFSG,  No.  292,  AFCRL-TR -74-0439. 

*The  reader  may  question  why  the  F values  for  the  large  snow  data  of  Ohtake  and 
Henml  are  presented  without  any  comments  auout  length  to  equivalent -melted - 
diameter  conversions,  which  is  one  of  the  major  problems  of  discursive  concern 
in  the  present  appendix.  The  answer  is  that  Ohtake  and  Henml  obtained  their  data, 
at  the  surface  level,  by  capturing  snowflakes  on  angora  wool  (or  Japanese  silk  wool) 
collectors.  They  then  let  the  snowflakes  melt  before  size  determination  and  thus 
obtained  direct  measurements  of  equivalent-melted  diameter. 

**For  the  ice  crystal  data,  the  { to  D conversions  were  accomplished  as  discussed 
by  Barnes,  Nelson  and  Metcalf.  These  methods  are  not  questioned,  here,  since 
we  are  merely  concerned  with  the  general  range  of  the  form  factor  values. 
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where  the  values  of  the  constant.  K.  and  the  exponent,  E,  are  the  values  sought 
from  the  least  squares  analyses  of  fitting  the  regression  line  to  the  field  of  the 
data  points.  It  may  be  noted  that  this  equation,  when  plotted  on  log  paper,  is  a 
straight  line  having  a slope  equal  to  the  value  of  the  exponent,  E.  Or,  in  other 
words,  if  we  take  the  log  of  Fq.  fE46)  to  obtain 

log  M = log  K 4 E log  Z . (E47) 

it  follows  that  the  "log  slope"  of  the  regression  equation  is 

t;  = K (E48) 

Let  us  turn,  now,  to  a consideration  of  the  individual  sample  points,  of  log 
vs  log  Z^,  which  are  the  data  points  that  would  be  "fitted"  by  the  regression  line 
of  Fq,  (E47).  Let  us  establish  the  requirements  of  the  sample  data  that  will  yield 
particular  values  of  the  "log  slope  parameter",  E,  of  Eq,  (E48),  It  will  be  con- 
venient, in  this  work,  to  use  the  subscript  "s"  to  identify  the  M and  Z values  that 
pertain  to  individual  hydrometeor  samples  and  to  use  the  M and  Z letters,  non- 
subscripted,  to  refer  to  the  variable  parameters  of  the  regression  equation. 

For  any  individual  hydrometeor  sample,  we  have  previously  demonstrated  that, 
irrespective  of  the  type  of  hydrometeors,  the  form  of  the  distribution,  or  the 
quantities  of  the  drops  or  particles,  the  liquid -water -content  of  the  sample  is  re- 
lated to  the  radar  reflectivity  factor  as 

(E49) 

This  is  merely  a repeat  of  Eq.  (ElO)  with  the  "s"  subscripts  added.  Particular 
isolines  of  k,  plotted  from  this  equation,  are  shown  in  Figure  E6. 

Suppose  that  we  have  two  hydrometeor  samples  and  that  we  wish  to  determine 
the  "log  slope"  of  the  straight  line  connecting  the  log  M vs  log  Z points  of  the 
samples.  From  Eq.  (E49)  we  may  write 

Mg  =k.Z  (E50) 

‘ ®1 


for  the  first  sample,  and 


° *^2  ^8, 


0.5 


(E51) 
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for  the  second.  The  log  forms  of  these  equations  are,  respectively. 


log  M = log  k, 

Sj  1 


0.  5 log  Z , 
"l 


and 


log  M 

"2 


log  k„  ^ 0,  5 log  Z 
^ *2 


(E52) 


(E53) 


Figure  E6.  Particular  Isollnes  of  k,  for  Single  Hydrometeor 
Samples,  as  Plotted  from  Eq.  (E49) 


If,  for  sign  convention,  we  assume  that  Zgg  ^ ^Sj  (also  implying  that 
Mo2^M8i)»  slope  of  the  straight  line  connecting  the  cross -plotted  points  of 
log  Mg  vs  log  Zg  for  the  two  samples  will,  from  Eqs.  (E52)  and  (E53)  be  given  by 


A log  Mg 

AlogZ7 


0.  5 + 


A log  k 
AlogZg  ' 


(E54) 


where 
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(E5B) 


A log  M * log  M - log  M , 

■ *2  "l 

AlogZ„=logZ  - log  Z,  , (E56) 

8 Sj 

and 

Alog  k = log  - log  k|  . (E57) 

The  log-slope  of  the  regression  equation,  specified  by  Eq.  (E48i  will  equal  the 
log-slope  of  the  line  connecting  the  two  data  points,  specified  by  Eq.  (E.')41  when 

A log  M 

which  permits  us  to  write  Eq,  (E541  as 

Alolz^  ■ 

This  last  equation  shows  that  the  log-slope.  E,  of  a regression  equation  that 
passes  perfectly  through  the  plotted  data  points  of  the  two  samples  will  have  a par- 
ticular value  exceeding  0. 5,  or  smaller  than  0.  5,  which  is  "amount  dependent"  on 
the  difference  in  the  log  k values  of  the  two  samples  relative  to  the  difference  in 
their  log  Z^  values.  The  equation  also  shows  that,  if  the  samples  have  the  same 
k value,  hence  A log  k = 0,  the  slope  of  the  regression  line  will  be  precisely  equal 
to  0,  5.  This  statement  is  not  limited  to  two  samples  only;  it  may  be  generalized  to 
the  case  of  any  number  of  hydrometeor  samples  having  the  same,  common  k value. 
All  such  samples,  when  their  log  and  log  Z^  values  are  cross-plotted,  will  have 
data  points  that  lie  along  one  particular  straight  line,  which  has  a log-slope  equal 
to  0,  5. 

We  might  further  generalize  and  state  that,  for  any  given  set  of  hydrometeor 
samples  that  is  used  for  regression  purposes,  the  magnitude  of  the  k values  of  the 
set,  and  their  constantancy  within  the  set,  will  dictate,  a-priori,  and  in  major 
degree,  the  particular  values  of  the  constant  and  exponent  of  the  regression  equa- 
tion that  "best  fits"  the  data  and  will  also  establish  the  "range  spread"  of  the  M 
and  Z values  of  the  data  set  and  the  standard  error  of  estimate.  For  example,  the 
set  of  the  isolines  of  k for  the  basic  foil  data  (the  isolines  corresponding  to  the 
k values  of  Tables  E4  and  ESI  are  shown  in  Figure  7,  in  the  upper  diagram.  The 
set  of  isolines  of  k for  the  analyzed  foil'data  (corresponding  to  the  k values  of 
Table  E9  are  shown  in  the  lower  diagram  of  Figure  E7.  The  isoline  data  of  these 
diagrams  do  not  really  constitute  independent  sets,  but  they  may  be  used  for  the 
purposes  of  illustration.  Thus,  we  may  state  that  it  is  axiomatic  that  the  regression 
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Z mm®  m"  ® 


Z mm®  m”3 

Figure  E7.  Isolines  of  k Corresponding  to  the  Basic  Foil  Data  of  Tables  E4  and  E5 
(upper  diagram!  and  to  the  Data  of  Table  E9,  Which  Have  Been  Converted  Into  Terms 
of  Equivalent-Melted-Diameter  by  the  Various  Text- Discussed  Methods  and 
Assumptions  (lower  diagram).  These  two  diagrams,  if  superimposed,  reveal  that 
the  envelope  of  the  k isolines  for  the  basic  data  is  contained  within,  and  centered 
approximately  within,  the  isoline  envelope  for  the  converted  data 
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•quatloni  of  log  M va  log  Z,  that  would  fit  thaaa  data,  muat  neceaaarlly  lie  aome- 
where  within  the  boundariea  of  the  k iaolinea  of  the  two  cited  diagrama  of  Figure  FT. 
The  regreaalon  linea  muat  alao  be  entirely  contained  within  the  limiting  iaolinea 
of  k.  We  might  atate  at  thia  point  that  the  equation  for  the  coefficient.  K,  of  the 
M va  Z equation,  ia  given  by 

^^(TogT?-'I3r7;(E-0.5»l^ 

where  log  k ia  the  average  of  the  log  k valuea  of  the  data  aet,  log  Z^  ia  the  average 
of  the  log  Z^  valuea  of  the  aet  and  E ia  the  exponent  of  the  M va  Z equation,  aa 
defined  by  Eq.  (ES91.  The  above  equation  for  K ia  readily  derived  from  the  alope- 
intercept  form  of  the  regreaalon  equation,  of  k va  Z^,  aee  the  bottom  diagrama  of 
Figurea  E9,  ElO,  Ell,  and  El 2,  for  example,  from  knowledge  that  the  regreaalon 
line  will  paaa  through  the  "centroid  point",  of  log  k and  log  z^,  and  that  the  alope 
of  the  equation  ia  given  by  E - 0.  5.  aee  Eq.  <E591. 

Two  thinga  are  apparent  from  the  previous  comments  and  the  Figure  E7  dia- 
grams. First,  for  any  reasonable  spread  of  the  M or  Z values  of  the  data  sets,  it 
is  seen  that  there  la  relatively  tittle  latitude  for  the  regression  lines  to  have  "log 
slope"  values  departing  appreciably  from  0.  5.  Second,  the  envelope  of  the  k iso- 
lines  obtained  from  the  basic  foil  data  "lies  within  and  is  centered  approximately 
>vithin"  the  envelope  of  the  k iaolinea  for  the  analyzed  foil  data  that  were  determined 
from  the  various  "length  to  equivalent-melted-diameter"  assumptions  and  proce- 
dures discussed  earlier.  This  second  statement  has  important  implications  for  the 
continuing  SAMS  program,  for  it  Implies  (as  will  be  explainedl  that,  up  to  the  pre- 
sent point  of  discussion  herein,  we  could  have  deduced  the  k values  of  the  foil 
samples  to  an  excellent  approximation,  without  ever  having  bothered  to  concern 
ourselves  with  questions  of  ice-crystal  type  or  conversions  of  length  to  equivalent- 
melted-diameter. 

Part  of  the  answer  to  the  paradox  question  raised  earlier  is  now  apparent.  It 
is  that  "the  highly  uncertain"  M and  Z values  of  the  foil  samples,  as  estimated  by 
different  assumptions  and  procedures,  fit  the  Heymsfield-Cunningham  regression 
equation  with  considerable  accuracy  (see  Figure  E31  because  there  is  strong  math- 
ematical predilection,  in  sets  of  hydrometeor  data  obtained  from  size-distribution 
measurements,  for  the  regression  equation  to  have  a "log  slope"  close  to  0.  5,  with 
the  equation  constant  being  functionally  dependent  on  the  log-average  of  the  k values 
of  the  set,  in  accordance  with  Eq.  (E60).  In  other  words,  when  both  M and  Z are 
computed  from  the  same,  common  size-distribution  data,  the  resultant  values  are 
not  independent  values,  rather  they  are  dependent  values;  and  the  mathematical 
predilection  for  the  0.  5 exponent  is  a direct  reflection  of  this  dependency. 

It  should  also  be  emphasized  that,  in  this  situation,  the  uncertainty  scatter  of  the 
data  points  is  predominantly  "back  and  forth",  along  the  regression  line,  rather 
than  orthogonal  to  the  line.  Compare  Figures  EZ  and  E3. 
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To  illuitrate  the  general  predilection  for  log-elope  values  close  to  0.  S,  we 
may  reference  Table  2 of  R No.  2.  The  reader  will  see.  from  column  3 of  this 
table,  that  the  exponent  of  the  M vs  Z equation  for  ice  crystals  is  0, 529;  the  ex- 
ponent of  the  equation  for  small-snow  is  0. 538;  the  average  exponent  for  the  six 

types  of  large-snow  listed  is  0,409;  the  average  exponent  for  the  four  disdrometer 

17 

equations  for  rain  is  0.  590;  the  exponent  used  by  .loss  et  al.  for  rain  of  all  types, 
is  0.  576.  Thus,  although  all  except  one  of  the  cited  values  exceed  0, 5.  by  up  to 
17  percent,  the  essential  point  concerning  the  predilection  should  be  apparent. 

KS.S  tquationf  Specifying  the  Deprrture  of  the  Exponent,  E,  of  the 
M vt  Z Equation,  From  the  Pirtieular  Value  0.5 

We  might,  at  this  point,  examine  the  theoretical  conditions  that  would  cause 
slope  departures  of  the  regression  lines  from  the  particular  value  0.5,  If  we 
symbolize  these  departures  by  "AE".  then  their  sign  and  magnitude  will  be  specified 
by  the  last  term  of  Eq.  (E59I  as  mentioned,  such  that 

= • (E61) 

If  we  take  the  log  of  Eq.  (E22>  and  presume  that  two  hydrometeor  samples 
exist  which  are  identified  by  the  subscripts  "1"  and  "2",  we  may  write  the  differ- 
ence equation  between  sample  2 and  sample  1 as 

A log  k = 0.  5 A log  N.^  4 A log  F . (E62I 


where 


A log  N_  = log  N„  - log  N_  . 


(Ee31 


and 


A log  F -.=  log  Fg  - log  Fj  . (E64) 

Equation  (E621  may  be  substituted  in  Eq.  (E61)  to  write 
0.  5 A log  N-  A log  C 

4E «651 


17.  Joss.  J. . Thams.  J.  C. . and  Waldvogel,  A.  (1968>  The  variation  of  raindrop  size 
distributions  at  Locarno.  Proc,  Internatl.  Conf.  on  Cloud  Physics.  Toronto. 
Amer.  Meteorol.  Soc, . Boston,  p,  369. 
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which  shows  that  the  values  of  AlC  will  depend  on  the  log  variation  of  the  total 
number  concentration,  N,p,  across  the  range  of  the  given  set  of  hydrometeor 
samples,  and  will  also  depend  on  the  log  variation  of  the  form  factor  values,  across 
the  Zg  range  of  the  set. 

The  significance  of  the  first  numerator  terms  of  Kq.  (K65i  is  completely  ap- 
parent. However,  the  significance  of  the  second  numerator  term  requires  explana- 
tion. 

If  we  use  Kqs.  (E231  and  E641  which  define  F and  A log  F,  the  second  numerator 
term  of  Eq.  (E651  may  be  expanded  to 


A log  F = 


(I-U2 

logT!  (2i-l)^  a,  - log r (21-1)®  a,  I 

1=1  ‘2  1=1  'll 

l=n2  i=n,  / 

-O.snog  r(2i-l)®  a,  - log  r (21-1)®  o,  I 
y 1=1  ‘2  1=1  '\j 


(E66) 


This  equation  shows  that  A log  F will  have  values  and  will  contribute  to  the 
values  of  AE  ((through  Eq.  (E6S)],  if  (1)  there  are  log  differences  in  the  series 
summations  of  the  a coefficients  between  any  comparative  pair,  or  set  of  pairs, 
of  the  hydrometeor  samples  and  If  (2)  there  are  differences  in  the  n values  of  the 
comparative  samples,  which  are  differences  in  the  number  of  the  diameter  classes 
contained  in  the  samples,  or,  more  fundamentally,  differences  in  the  diameter 
range,  or  spread,  of  the  samples. 


E5.6  Comparative  Silualioni  in  Which  the  Form  Factor  Valuea  are  Non-Variant 

There  are  two  identifiable  situations  in  which  the  terms  of  Eq.  (E661  will  have 
zero  values  or  zero  sum.  It  will  be  instructive  to  note  these  situations. 

The  individual  terms  of  Eq.  (E66)  will  have  zero  values  if  the  drops  or  particles 
in  any  given  atmospheric  region  are  "monodispersed",  such  that  only  one  diameter 
size,  or  class,  of  hydrometeors  exists  at  any  particular  point  in  the  region.  (The 
diameter,  itself,  however,  may  vary  within  the  region. ' This  statement  is  readily 
verified,  most  easily  by  a consideration  of  fundamentals.  Thus,  with  reference  to 
Eqs.  (Ell)  and  (E13)  we  may  write,  for  any  monodispersed  sample, 

M„=CN_,D®  (E671 

s 1 

and 

Zg  = N.J,  D®  , (E68) 
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since  there  is  only  one  diameter  class  which  contains  the  total  number  of  the  drops 

3 

or  particles.  When  Eq.  (ESS)  is  solved  for  D and  substituted  in  Eq.  (ES7) 

Mj  ■ k ® , (ES9) 

where 

k = . (E70) 

Thus,  it  is  seen  that  the  k value  for  any  monodispersed  sample  is  functionally 
dependent  on  alone,  and  la  not  dependent  on  the  form  factor,  as  in  the  case  of 

Eq.  (E22).  In  other  words,  the  value  of  the  form  factor  for  any  monodispersed 
sample  is  F s i,  0.  which  means  that  the  value  of  A log  F,  in  Eq.  (ES4)  is  identially 
equal  to  zero.  (Each  term  of  Eq.  (ESS)  has  zero  value  in  such  situations,  although 
this  is  not  specifically  demonstrated  herein. ) 

The  two  parenthesis  terms  of  Eq.  (ESS)  will  have  zero  sum  if  there  is  a "class 
by  class  proportionality"  of  the  drop  or  particle  number  concentrations  between  any 
two  comparative  hydrometeor  samples.  This  is  strictly  true  only  if  the  diameter 
spread  of  the  two  samples  is  the  same,  that  is,  if  the  number  of  the  classes,  n^,  of 
the  first  sample,  is  equal  to  the  number  of  the  classes,  02,  of  the  second,  and  if 
the  classification  method  is  the  same.  (We  are  using  linear  classification,  here, 
for  the  purposes  of  illustration.  See  the  footnote  on  page  138  for  comments  about 
other  methods  of  classification. ) 

With  class  by  class  proportionality,  the  number  concentration  of  the  drops  or 
particles  in  any  given  class,  i s g,  of  the  first  sample  is  proportional  to  the  number 
concentration  of  the  drops  or  particles  in  the  same  class,  i = g,  in  the  second 
sample,  such  that 

N,  = 0 N,  , (E71> 

‘1  *2 

where  is  the  class  number  concentration  of  the  first  sample,  is  the  class 
number  concentration  of  the  second,  comparative  sample  and  j3  is  the  factor  of 
proportionality.  Additionally,  from  Eq.  (E 1 91  it  follows  that  the  total  number 
concentration,  of  the  drops  or  particles  of  all  sizes  in  the  two  samples,  are  re- 
lated as 

N„  = 0 , (e:2) 

* 1 ^2 
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which  means  that,  ace  Eq.  (E21), 


a.  •pa.  . (E73) 

*1  ‘2 

This  ralationihlp,  introduced  into  Eq.  (ESS)  for 

nj - nj  (E74) 

yields 

A log  F > (-  log  0 -f  log  0 )c  0 . (E7S) 

which  demonstrates  that  the  two  parenthesis  terms  of  Eq.  (ESS)  have  zero  sum. 

Two  additional  things  should  be  noted  with  regard  to  the  situation  of  class  by 
class  proportionality.  First,  with  reference  to  Eq.  (E71)  it  should  be  pointed  out 
that  the  number  concentrations  of  the  comparative  samples  may  have  zero  values 
in  any  given  class,  i = g.  This  given  class,  or  these  given  classes,  may  be  the 
first,  second,  or  third,  etc. , in  diameter  sice,  extending  upward  from  zero  diam- 
eter, which  corresponds  to  the  situation  of  lower-diameter  truncation  of  the  dis- 
tributions. The  point,  here,  is  that  the  principle  of  class  by  class  proportionality 
(yielding  identical  F values  between  samples,  or  A log  F = 0)  also  applies  to  com- 
parative data  which  are  commonly  truncated  at  the  same  lower  diameter  limit,  as 
in  the  case  of  data  obtained  with  an  instrument  incapable  of  measurements  below  a 
particular  threshold  of  diameter  sensitivity. 

Second,  it  should  be  mentioned  that  class  by  class  proportionality  additionally 
pertains  to  any  comparative  distributions  in  which  the  class  widths  of  the  first 
sample,  A (commonly  the  same  for  all  classes,  with  linear  classification),  are 
proportional  to  the  class  widths,  AD^,  of  the  second,  that  is, 

ADj  = yAD2,  (E76) 

where  y is  the  constant  of  proportionality.  The  tnith  of  this  statement  can  be  seen 
by  reference  to  Eq.  (E66).  There  is  nothing  in  this  equation  that  depends  on  class 
width.  It  is  merely  the  total  number  of  the  classes,  n^  vs  02,  that  would  cause 
differences  in  the  summation  terms  between  the  two  samples.  Hence,  Eqs.  (E71) 
through  (E75)  also  apply  to  the  additional  proportionality  condition  of  Eq.  (E76). 
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Theie  principles  of  clasa-by-clnss  proportionality  for  linearly  classified  data 
are  illustrated  in  Figure  K8.  (The  principles  also  apply  to  irregularly-classified 
and  geometrically-classified  data,  as  well,  see  footnote  below,  1 In  this  figure, 
it  is  seen  that  u change  in  the  class  width,  as  shown  by  a comparison  of  the  two 
upper  histograms,  does  not  change  the  value  of  K (which  happens  to  be  0.  2641. 
Similarly,  a change  in  the  absolute  number  concentrations  of  the  drops  or  particles 
in  corresponding  classes  of  comparative  samples  does  not  change  the  F value,  as 
Illustrated  by  the  contrasting  histograms  at  the  upper  right  and  lower  left  in  the 
figure.  The  general  case  situation  is  sketched  at  the  lower  right  in  the  figure.  The 
form  factor  value  will  remain  constant  in  this  general  case  for  any  number  con- 
centration value  of  reference.  N^,  and  any  class  width,  AD,  one  chooses  to  specify. 

We  might  summarize  at  this  point  before  diverting  to  the  next  topic  of  essential 
background  information.  Thusfar,  we  have  established  the  conditions  which  yield 
identical  F values  between  comparative  samples,  which  are  the  same  conditions  that 
yield  zero  values  of  A log  F in  Eqs.  (E64)  or  (E661.  Under  these  conditions,  the 
departure  equation  for  the  exponent  of  the  M vs  7.  regression  equation,  that  is. 

Eq.  (E6S1  reduces  to 

0.  5 A log  N- 

llogz/ 


The  principles  of  class -by-class -proportionality  discussed  above  for  linear  classi- 
fication also  apply  to  irregularly -classified  data  (in  .vhich  the  diameter  widths  of 
the  classes  differ  between  classes)  and  geometrically -classified  data,  such  as  that 
of  the  SAMS  tables  of  Appendix  G.  This  can  be  seen  by  reference  to  the  form  factor 
equations  for  irregular  classification  and  geometric  classification  which  have  been 
presented  in  the  footnote  on  page  119.  For  irregular  classification,  the  form 
factor  values  between  any  comparative  samples  will  be  the  same  providing  that  the 
Di  ratios  of  Fq.  (E23a)  are  commonly  the  same,  class  by  class,  between  the 
samples.  In  other  words,  the  F values  will  be  identical  if 


AD,  » V AD,  . (E76a) 

‘l  *2 

where  AD^  and  ADj  are  the  class  widths  of  the  comparative  samples  and  > is  a 

constant  of* proportionality  that  pertains  commonly  to  all  classes,  i = 1 through 
i » n. 

With  geometric  classification,  the  F values  between  comparative  samples  will  like- 
wise be  the  same  insofar  as  the  ratios  of  D^/Dj  of  Eq.  (E23b)  are  the  same  be- 
tween samples.  However,  since  Dj  (the  lowerHimit  of  the  first  size  class)  is  not 

zero,  in  geometric  classification,  as*ft  is  with  irregular  and  linear  classification, 
the  form  factor  values  between  comparative  samples  will  change  if  D.  is  specified 
to  have  a particular  absolute  value  that  is  held  constant, 
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which  shows  that  the  exponent  departures  are  caused  solely  by  differences  in  the 
total  number  concentrations  of  the  ice  hydrometeors  contained  in  the  different 
samples. 


Figure  E8.  Illustrations  of  Class-By-Class  Proportionality 
Which  Yield  Identical  Values  of  the  Form  Factor,  F.  The 
general  case  situation  is  shown  in  the  diagram  at  the  lower 
right,  which  holds  for  any  number  concentration  of  reference, 
Np,  and  any  class  width,  AD,  one  chooses  to  specify 


F5.7  Data  Set*  of  liluitration  and  a Deicription  of  the  “iliytical  Method” 
of  Obtaining  the  M va  Z Equation 

Reference  is  now  made  to  the  disdrometer,  large-snow  and  ice-crystal  data 
that  are  shown  plotted  in  Figures  E9,  ElO,  Ell,  and  E12.  These  data  illustrate 
the  typical  values  and  trends  (with  log  Z^)  of  the  parameters  of  prior  discussion 
and  will  permit  us  to  demonstrate  how  the  M vs  Z regression  equations  for  sets 
of  hydrometeor  data  may  be  obtained  in  a manner  that  considers  the  physical 
nature  of  the  spectral  properties  of  the  hydrometeors. 
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Figure  E9.  Plots  of  F,  Nt  and  k,  vs  Zg,  for  Rain  Data 
From  Disdrometer  A Obtained  on  22  March  1972.  The 
regression  lines,  equations,  correlation  coefficients  (r) 
and  log  standard  errors  (LSE)  are  indicated  as  are  the 
error  bounds  of  the  LSE's  (the  lines  bounding  the 
regression  line) 
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Figure  ElO.  Plots  of  F,  N-p  and  k,  vs  Zg,  ior  Rain  Data 
From  Disdrometer  B Obtained  on  22  March  1972.  The 
regression  lines,  equations,  correlation  coefficients  (r) 
and  log  standard  errors  (LSE)  are  indicated  as  are  the 
error  bounds  of  the  LSE's  (the  lines  bounding  the 
regression  line^ 
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k - 0.00407  z00**« 
r - 0127 


L LSE  - 0274 


Figure  Ell.  Plots  of  F,  Nj  and  k,  vs  Zg,  for  the  Data 
of  Ohtake  and  HenmtlS  (1970)  for  Large-Snow  of  Dendritic 
Stellar  Type  (LS5).  The  regression  lines,  equations, 
correlation  coefficients  (r)  and  log  standard  errors  (LSE) 
are  indicated  as  are  the  error  bounds  of  the  LSE's  (the 
lines  bounding  the  regression  line) 


Figure  E12.  Plots  of  F,  Nx  and  k,  vs  Zg,  for  the  Ice 
Crystal  Data  of  PVM-5  (Barnes,  Nelson  and  Metcalf)*®. 
The  regression  lines,  equations,  correlation  coefficients 
(r)  and  log  standard  errors  (LSE)  are  indicated  as  are 
the  error  bounds  of  the  l.SE's  (the  lines  bounding  the 
regression  line) 
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Difdrometer  and  lar^te-anow  data  were  preaented  in  R No.  2 which  showed 

croaa -plots  of  the  M va  Z values  for  two  seta  of  dlsdrometer  data  obtained  on  22 

March  1972  (obtained  from  different  instruments,  identified  as  the  A and  B dls- 

drometers)  and  for  the  data  of  Ohtake  and  Henmi^^  as  analyzed  by  Vardiman, * for 

larfte  snow  of  dendritic -stellar -type.  From  the  original,  basic  data  of  these  three 

sets,  we  determined  the  K values,  the  N—  values  and  the  k values  for  each  in- 

* 

dividual  sample.  The  values  of  these  parameters,  cross -plotted  ,'S  the  Z^ 
values  of  the  samples,  are  shown  in  the  diasramB  of  Figures  E9,  ElO,  and  Ell. 

The  plots  of  F vs  Z^  are  presented  in  the  upper  diagrams  of  each  figure;  those  of 
N.p  vs  Zg  are  presented  in  the  middle  diagrams;  those  of  k vs  Z^  are  presented  in 
the  bottom  diagrams.  The  regression  lines  that  fit  the  data  are  shown  and  the 
regression  equations,  correlation  roefficients.  and  log  standard  error  values  are 
indicated.  It  will  be  noted  that  the  diagrams  have  logarithmic  scales.  Thus,  the 
"slope"  of  the  regression  lines  for  the  respective  diagrams  provide  measures  of 
the  A log  F/A  log  Z^,  A log  N.p/A  log  Z^.  and  A log  k/A  log  Z^  terms  that  enter  into 
the  "exponent",  and  "exponent  departure",  equations  previously  presented,  that  is, 
Eqs.  (E59),  (E61),  and  (E6Si. 

1 fi 

The  ice-crystal  data  of  PVM-S  (Barnes.  Nelson  and  Metcalf)  are  shown 
plotted  in  Figure  E12,  in  the  same  format  as  for  the  other  figures  described  above. 
These  data  are  different  than  the  dlsdrometer  and  large -snow  data,  however,  in 
that  particular  f to  D conversion  assumptions  were  employed  as  discussed  by  the 
authors.  This  means,  without  going  into  details,  which  we  will  discuss  later  for 
ice  hydrometeors  in  general,  that  the  Z^  values  of  these  ice -crystal  samples  are 
subject  to  much  greater  uncertainties,  relatively,  than  are  those  of  the  dlsdrometer 
and  large -snow  samples  of  the  other  figures.  Hence,  again  without  detailed  dis- 
cussion, which  is  premature  at  this  point,  we  may  state  that  the  "log  slopes"  of  the 
regression  lines  of  the  Figure  E12  diagrams  provide  valid  measures  of  AlogF/AlogZ^, 
Alog  N.p/Alog  Z^,  and  Alog  k/Alog  Z^  but  that  the  coefficient,  K,  of  the  M vs  Z 
equation  [Eq,  (E46)]  is  subject  to  important  uncertainties,  because  of  its  dependence 
[see  Eq.  (E60)]  on  log  which  is  uncertain  due  to  the  Z^  uncertainties  mentioned. 

F'rom  the  data  of  these  figures,  it  is  seen  that  the  form  factor  values  typically 
decrease  with  increasing  Z^  and  that  Alog  F/Alog  Z^  is  negative,  with  values,  for 
the  four  data  sets,  ranging  from  -0.041  to  -0.  118.  The  N,p  values  increase  with 
Zg  and  Alog  N,p/Alog  Z^  is  positive,  with  values  ranging  from  0.365  to  0.  607.  The 
k values  [which  are  dependent  on  those  of  F and  N,j.  see  Eq.  (E22)]  increase  with 


* Unpublished  work  performed  for  AFCRL  by  L.  Vardiman  of  Colorado  State  Univer- 
sity (on  reserve  status  from  the  Air  Weather  Service). 

15 

The  large -snow  data  of  Ohtake  and  Henmi  are  devoid  of  f to  D conversion  prob- 
lems, since,  (see  the  footnote  on  page  128)  their  measurements  were  made  directly 
in  terms  of  equivalent -melted -diameter. 
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7 : the  Hog  k/Alog  Z Hlope  is  positive;  the  slope  values  range  from  0.037 

fl  8 

to  0.230. 

The  diagrams  of  these  figures  effectively  reveal  some  of  the  physical  reasons 
why  the  M vs  Z regression  equations  that  are  employed  in  SAMS  have  particular 
coefficient  and  exponent  values.  However,  before  discussing  these,  it  la  of  Interest 
to  demonstrate  specifically  that  the  K and  F values  obtained  by  the  "physical  method" 
are  the  same  as  those  obtained  by  the  standard,  conventional  method,  of  direct 
M vs  Z regression. 

We  may  demonstrate  the  equivalence  in  two  different  ways.  First,  from 
Eq.  (ElO),  we  may  solve  for  k to  obtain 

k-MZ*°*®.  (E78) 

We  may  substitute  for  M in  the  above  equation,  from  Eq,  (E46),  to  write 

k » K Z^  . (E79) 

From  Eqs.  (E59)  and  (E61). 

AE  » E -0.5  , (E80) 

which  permits  us  to  write  the  preceeding  equation  as 
k * K Z^^  . 

This  last  equation  is  the  general  equation  that  describes  the  regression  of  k 
with  Z (or  Zg).  In  other  words,  it  is  the  general  equation  that  describes  the  re- 
gression lines  shown  in  the  bottom  diagrams  of  Figures  E9  through  E12.  Thus,  it 
is  apparent  that  the  values  of  the  coefficients  of  the  equations  of  these  diagrams 
(the  equations  have  been  typed  thereon)  are  the  values  of  K and  that  the  exponent 
values  of  the  equations  are  the  values  of  AE,  which  are  related  to  E in  the  manner 
prescribed  by  Eq,  (E80),  that  is,  E « AE  + 0,5,* 

We  may  compare  the  K and  E values  of  the  bottom  diagrams  of  Figures  E9 
through  E12  with  the  K and  E values  obtained  by  the  direct  regression  of  the  M^ 
and  Z^  values  of  the  data  samples.  Thus,  for  the  rain  data  of  the  A Disdrometer 
of  Figure  E9,  K « 0.000921,  with  E • 0.725  (K  » 0.000922,  with  E * 0.725),  where 


It  might  be  noted  with  regard  to  Fq.  {E81)  that  K is  the  particular  value  of  k that 
exists  for  a Z (or  Z.)  value  of  unity.  Likewise,  with  regard  to  Eq.  (E46)  K is  the 
particular  value  of  M that  exists  for  a Z value  of  unity.  Therefore,  when  Z » 1.0, 
k » M = K. 
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the  rirst  values  are  those  from  the  dia(;rann  equations  and  the  values  within  the 
parentheses  are  the  ones  of  standard,  direct  regression.  For  the  rain  data  of  the 
B Ulsdrometer  of  Figure  F'lO,  K » 0.00161,  with  E ■ 0.  626  (K  ■ 0.00161,  with 
E ■ 0.  626).  For  the  large«snow  data  of  Uhtake  and  Henmi  of  Figure  Ell, 

K « 0.00407,  with  E ■ 0.S30  (K  < 0.00420,  with  E - 0.  526,  see  Table  2 of  R No.  2, 
for  large-snow  of  type  LSg).  For  the  Ice-crystal  data  of  PVM-5  of  Figure  E12, 

K ■ 0.0135,  with  E - 0.730  (K  = 0.0135,  with  E - 0.731). 

With  the  exception  of  the  Ohtake-Henml  data,  see  footnote  below,  the  agree- 
ment between  methods  is  excellent,  which  demonstrates  their  equivalence. 

The  second  demonstration  of  equivalence  involves  the  data  plots  and  regression 
equations  of  the  two  upper  diagrams  of  Figures  E9  through  E12.  With  regard  to 
the  form  factor  data  and  equations  of  the  first  of  these  diagrams,  it  may  be  pointed 
out  that  the  coefficient  values  of  the  equations  are  the  particular  values  of  F that 
"exist"  at  a Z (or  Z^)  value  of  unity.  We  will  symbolize  these  particular  values  as 
"Fj".  The  exponent  values  of  the  F equations  are,  of  course,  the  values  of  the 
"log  slope"  of  the  regression  lines.  Likewise,  with  regard  to  the  total  number  con- 
centration data  and  equations  of  the  second  of  the  figure  diagrams,  the  coefficient 
values  of  the  regression  equations  are  the  particular  values  of  N.p  that  exist  at  a 
Z value  of  unity,  which  we  will  symbolize  as  "Ntj",  The  exponent  values  of  the 
N.J.  equations  are  the  "log  slopes"  of  the  regression  lines. 

The  following  relationships  prevail,  that  relate  the  regression  equations  for 
F,  N.p  and  k to  the  coefficient,  K,  and  the  exponent,  E,  of  the  M vs  Z equations. 
With  regard  to  the  coefficients,  it  is  apparent,  from  Eqs.  (E81)  and  (E22)  that 


K * kj  * 


F 


1 • 


(E82) 


where  kj  is  the  particular  k value  corresponding  to  a Z (or  Z^)  value  of  unity. 
With  regard  to  the  exponents. 


Alog  F , 

Alog  Zg  A log  Z 


8 


(E83) 


from  Eq.  (E65)  and,  as  mentioned  earlier, 
E = AE  + 0.  5 . 


(E84) 


In  our  re-analysis  of  the  Ohtake-Henmi  data,  we  found  various  errors  in  the 
Vardiman -Ohtake-Henml  computations.  These  were  corrected  and  this  is  the 
primary  reason  for  the  differences  in  the  K and  E values  cited  above. 
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The  values  of  Kj.  Nj,.  Alog  F/Alog  7.^,  and  Alog  N^/Alog  are  listed  In 
the  first  four  columns  of  Table  Kll  for  each  of  the  sets  of  hydrometeor  data  of 
Figures  F9  through  K12,  Also  listed.  In  the  next  three  columns,  are  the  values  of 
K (■  kj),  AF  and  K,  which  were  computed  from  Eqs,  (E821,  {EB3),  and  (E84)  above, 
A comparison  of  the  K and  F values  of  this  table  with  those  of  the  standard 
method  of  direct  regression,  cited  earlier  on  page  145,  shows  good  correspondence, 
which  again  verifies  the  equivalence  of  the  regression  techniques  of  the  "physical 
method"  and  those  of  standard  convention.  There  are  some  differences  In  the 
comparative  values,  larger  than  In  the  previous  comparison,  but  these  stem  mostly 
from  lack  of  perfect  correlation  (not  to  be  expected)  between  the  F and  values 
of  the  samples  of  the  data  sets,  also  from  problems  of  computational  "round  off 
errors". 

Before  continuing,  it  might  be  noted  that  the  centroid  points  of  the  data  sets  of 
the  individual  figures,  E9  through  E12,  should  be  expected  to  obey  the  relationship 
of  Eq,  (E46)  to  a first  approximation.  For  the  convenience  of  future  work  herein, 
we  will  demonstrate  that  this  is  true. 

The  centroid  values  of  log  Z , log  F,  and  log  N_  are  listed  in  columns  eight, 

8 X 

nine,  and  ten,  of  Table  Ell,  for  each  of  the  data  sets  of  the  first  two  diagrams  of 
Figures  E9  through  E12,  The  values  of 

(log  k)^  « log  C • log  F * 0,5  log  N,j,  , (E85) 

which  stems  from  the  log  form  of  Eq,  (E46)  are  listed  In  column  eleven  of  the  table. 
The  comparison  values  of  log  k,  which  are  the  direct  average  values  of  the  sample 
data  of  the  bottom  diagrams  of  Figures  E9  through  E12,  are  listed  in  column  twelve. 
The  table  reveals  that  the  (log  k)^  values  determined  from  the  equation  are  closely 
the  same  as  the  log  k values  of  direct  averaging. 

The  prime  advantage  of  the  "physical  method"  of  regression  is  that,  by  its  use, 
we  gain  understanding  of  the  spectral  characteristics  of  hydrometeors  which  can 
cause  the  different  K and  E values  of  the  various  categories  and  types  of  precipita- 
tion, For  example,  it  is  seen,  from  the  data  sets  and  equation  references  made 
heretofore,  that  the  major  determinant  of  the  K values,  and  their  category  and  type 
differences,  is  the  total  number  concentration  of  the  drops  or  particles  (for  com- 
parable Zg  values).  With  regard  to  the  determinants  of  the  E values,  we  observe, 
first  of  all,  that  the  total  number  concentrations  of  the  drops  or  particles  increase 
appreciably  with  increasing  Z^,  This  is  logical  and  to  be  expected.  However,  we 
also  observe  that  the  values  of  the  form  factor  decrease  with  increasing  Z^,  This 
means  that  the  two  terms,  Alog  N,j,/Alog  Z^  and  Alog  F/Alog  Z^,  of  Eq,  (E65) 
contribute  counteractively  to  the  values  of  AE  [(hence  E through  Eq,  (E84)],  This 
is  not  a type  of  spectral  behaviour  we  would  have  suspected  a-priorl. 
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The  spectral  physics  of  the  hydrometeors  Is  not  completely  revealed  by  the 
diagrams  plots  of  Figures  K9  through  E12.  This  is  because  the  form  factor  values 
are  not  uniquely  descriptive  of  the  spectra.  The  same  values,  in  other  words,  ran 
be  obtained  from  a variety  of  different  distributions.  This  was  demonstrated  pre- 
viously in  the  histograms  of  Figures  K4  and  F5, 

We  can  conduct  additional  analyses,  however,  of  the  type  illustrated  in  Fig- 
ure E13,  to  establish  the  kind  of  spectral  behavior  that  causes  the  decreasing  trend 
in  the  form  factor  values.  In  this  figure,  the  form-factor  data  of  Ohtake  and  Henml, 
of  Figure  F'13,  have  been  re-plotted  at  larger  scale  in  the  upper  diagram.  The 
bounds  of  the  log  standard  error  of  estimate  about  the  regression  line  are  Indicated 
and  three  rectangular  "boxes"  are  shown,  labeled  "A",  "B",  and  "C".  The  number 
concentration  data  for  all  of  the  samples  within  these  boxes  were  combined  and 
normalired  in  the  conventional  terms  of  class  number  concentration,  N, 

3 

per  m of  atmospheric  volume.  The  resulting  composite  spectra,  of  N vs  the 
equivalent -melted-diameter,  D,  of  the  snow  particles  in  the  classes,  are  shown  in 
the  three  diagrams  immediately  below  the  scatter  plot.  The  form  factor  values  for 
the  composite  distributions  are  noted.  The  spectral  trends  with  increasing  7.^  are 
apparent  from  these  diagrams.  The  spectra  are  seen  to  be  near -exponential  and, 
for  small  values  of  Z^,  the  maximum  particle  diameters  are  small  and  the  decrease 
of  log  N with  IJ  (the  "exponential  slope")  is  very  "steep",  P’or  intermediate  values 
of  7g,  the  maximum  particle  diameters  and  the  exponential  slope  are  likewise  inter- 
mediate. For  large  values  of  Z^,  the  maximum  particle  diameters  are  large  (up 
to  3.2  mm)  and  the  exponential  slope  is  relatively  shallow.  These  trends  are  not 
unexpected,  since  they  have  been  reported  previously  and  have  been  replicated  in 
various  spectral  models,  including  the  SAMS  "Precipitation  Model"  described  in 
Appendix  G,  see  Figure  G9.  iiowever,  this  may  be  the  first  time  that  such  spectral 
trends  have  been  demonstrated  in  the  context  of  their  specific  influence  on  the 
coefficient  and  exponent  values  of  the  M vs  Z equation. 

There  are  three  particular  points  in  the  scatter  plot  of  Figure  E13  which  are 
labeled  "D",  "E",  and  "F",  These  points  are  far  removed  from  the  regression 
line  and  are  at  the  extremities  of  the  data  scatter.  It  was  of  interest  to  ascertain 
how  the  spectra  of  these  individual  samples  differed  from  the  composite  spectra  of 
the  samples  within  the  A,  B,  and  C boxes  which  lie  within  the  standard  error 
bounds.  These  particular  spectra  are  illustrated  in  the  three  bottom  diagrams  of 
the  figure.  The  reasons  why  the  samples  have  anomalous  F values  are  fairly 
apparent.  The  "O  Sample"  has  a relative  deficit  of  small  particles  and  has  a spec- 
tral form  roughly  similar  to  that  of  the  last  histogram  of  the  top  row  of  Figure  E4, 
which  yields  a large  F value.  The  "E  Sample"  has  a spectrum  similar  to  that  of 
the  fifth  histogram  from  the  left,  at  the  top,  in  Figure  E4,  which  was  specifically 
mentioned,  on  page  125,  as  being  of  a type  associated  with  small  values  of  the 
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Figure  E13,  Illustrations  of  the  Spectral  Characteristics  and  Trends  of  the  Form 
Factor  Values  for  the  Data  of  Ohtake  and  Menml.  The  form  factor  values  are  shown 
plotted  vs  Z In  the  upper  diagram  and  the  regression  line  (solid)  and  lines  of  the  log 
standard  error  of  estimate  (dashed)  are  indicated.  These  are  the  same  data  and 
lines  shown  plotted  in  the  upper  diagram  of  Figure  Ell.  The  composite  spectrum, 
of  oarticle  number  concentration  (N)  vs  equivalent -melted-diameter  (D),  for  all  of 
the  data  samples  whose  points  are  contained  within  the  rectangle  labeled  "A",  is 
shown  in  the  first  of  the  smaller  diagrams  at  the  upper  left.  The  composite  spectra 
for  the  rectangles  labeled  "B"  and  "C"  are  shown  in  the  next  two  diagrams.  The 
particular  spectra  for  the  samples  "D",  "E",  and  "F",  whose  points  lie  at  the 
extremities  of  the  data  scatter,  are  shown  in  the  bottom  diagrams 


form  factor.  The  "F  Sample"  is  of  a multi-modal  type  which,  nie  suspects,  is 
probably  not  a "representative  sample"  (that  is,  there  are  t jo  few  contained  total 
particles  to  be  representative).  Multiple  modes,  depending  on  where  they  occur 
over  the  diameter  range,  can  cause  quite  erratic  behaviour  of  the  form  factor  values, 
see  the  two  upper  rows  of  histograms  of  Figure  F5.  The  modes  of  the  "F  Sample" 
are  such  as  to  cause  a small  value. 
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A general  (leacriptlon  nf  the  form  factor  valuea  for  exponential  diatributiona 

la  preaented  in  Appendix  II  and  illuatrated  In  l-'lgurea  Ml  through  MS.  From  the 

flrat  of  theae  figurea,  it  ia  seen  that  the  form  factor  values  for  non-truncated 

diatributiona  vary  regularly  with  the  deacriptive  parametera  n (the  number  of 

claasea)  and  AU  (the  non*dimenainn>.i  product  of  (he  "exponential  slope"  times  the 

diameter  range  of  the  llstrlbutlon).  The  maximum  F value  (»  1.0)  occurs  with 

monodlapersed  distributions;  the  minimum  value  (•'  0.222)  occurs  for  very-large 

n ("•»)  associated  with  very-large  A (■*«').  This  is  a "theoretical  ndnlmum" 

only,  since  neither  n nor  A L)^  would  ever,  in  practice,  have  values  much  greater 

than  about  .lO,  for  n,  oc  15,  for  AD  . (A  13  is  a parameter  analogous  to  A D__, 

n n m 

which  is  discussed  in  Appendix  C and  shown  to  having  limiting  atmospheric  valuea 
of  the  order  of  12,  or  15,  at  most. ) 

A uniform  distribution  (alt  class  number  concentrations  equal)  is  a special 
case  of  an  exponential  distribution.  The  F values  for  uniform  distributions  decrease 
from  0.733,  for  n 2,  to  0.  684,  for  n 10,  to  0.6615,  for  n * 100,  to  a limit 
of  -0.  6614,  for 

Certain  general  statements  can  also  be  made  about  how  changes  of  spectra 
will  affect  the  form  factor  values.  Truncation,  for  inst  ace,  with  either  lower 
diameter  truncation  or  upper  <iiameter  truncation  (see  F'igures  Ml  through  H5  of 
Appendix  M)  will  increase  the  F values,  relative  to  the  non-truncated  ones.  With 
bi-modal  spectra.  Increased  diameter  separation  of  the  modes,  other  spectral 
characteristics  being  held  the  same,  will  result  in  decreased  F values,  and  vice 
versa.  Similarly,  any  number  concentration  increase  in  a model  peak  at  small 
diameter,  relative  to  one  at  larger  diameter,  will  decrease  the  F values,  and 
vice  versa. 


W.  SUMMARY  A.NU  KXPLAIS ATION  OF  THF  PARADOX  DtK.STION 


At  this  point,  we  have  established  sufficient  background  to  enable  us  to  return 
to  the  "paradox  question"  raised  earlier  and  provide  an  explanation.  However, 
before  doing  this,  we  will  review  the  basis  for  the  question  and  repeat  the  question 
itself. 


It  may  be  stated  that,  with  the  exception  of  monodlapersed  distributions,  at  least 
10  classes  (n  * 10)  or  more  are  required,  with  classified  data,  to  provide  an  ade- 
quate description  of  a theoretical  distribution  function,  such  as  one  of  exponential 
type.  The  same  is  true,  in  general,  concerning  the  number  of  classes  needed  to 
provide  adequate  description  of  any  contintious  spectra,  either  atmospherically 
observed  or  theoretical.  Hence,  the  form  factor  values  of  the  above -cited  figures, 
for  n < 10.  are  really  a special  category  of  values  which  pertain  to  classified  data 
that  lack  adequate  resolution  (sufficient  classes)  to  describe  the  true  spectra. 
Admittedly,  we  have  violated  this  rule  ourselves,  herein,  primarily  for  the  con- 
venience of  illustration. 
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In  the  nnnlyees  of  the  foil  impnctor  recordn  iit  the  beglnninft  of  the  appendix, 

M and  / values  derived  from  individual  samples  of  ice  particles  were  found  to 
evidence  very*large  variability  dependent  on  the  analysis  methods  used,  the  crystal- 
type  selected  and  the  particular  assumptions  about  I to  1)^  conversions.  With  pre- 
sumed knowledge  of  crystal-type,  it  was  found  that  the  M values  of  a given  sample 
could  readily  be  uncertain,  due  to  various  causes  which  were  identified  and  discussed, 
over  a spread  exceeding  a factor  of  3,  with  the  '/.  values  being  uncertain  over  a 
spread  exceeding  a factor  of  10,  Without  knowledge  of  crystal-type,  or  with  the 
forced  assumption  of  type,  as  has  been  necessary  in  numerous  Wallops  storms  of 
past  SAMS  analysis,  it  was  ascertained  that  the  uncertainty  spread  of  the  M values 
could  he  as  large  as  a factor  of  19;  that  of  the  Z values  as  large  as  a factor  of  340. 

When  the  M and  Z values  of  the  samples,  as  determined  by  the  different 
methods  and  assumptions;  were  cross-plotted  and  compared  with  the  regression 
equation  for  ice  crystals,  which  is  the  single  equation  used  thus  far  in  SAMS,  it 
was  discovered  that  the  data  corresponded  quite  nicely  with  the  regression  line. 

The  departure  of  the  M values  from  the  line  was  generally  less  than  a factor  of  1,4; 
the  departure  of  the  Z values  was  generally  less  than  a factor  of  2.  This  raised  the 
paradox  question,  "How  is  it  possible  that  foil-sample  data  which  evidence  "uncer- 
tainty scatter"  exceeding  an  order  of  magnitude  in  M and  two  orders  of  magnitude 
in  '/  can  "conform  to,  and  "agree  with",  the  values  of  equation  prediction  to  within 
less  than  a factor  of  two  difference 

Part  of  the  answer  was  found  in  the  work  described  on  pages  1 16  through  133, 

The  equation, 

Mg=kZg°*\  (E17) 

for  "single  samples"  was  developed  and  the  coefficient  k was  shown  to  be  dependent 
on 


k = C F , (E22) 

where  C is  a particular  number  [see  Eq.  (E12)],  N.^  is  the  total  number  concentra- 
tion, of  the  drops  or  particles  of  all  sizes  in  the  sample,  and  F is  the  form  factor, 
which  is  a non-dimensional  factor  that  describes  how  the  number  concentrations 
of  the  drops  or  particles  in  the  different  disdrometer  classes  are  apportioned  rela- 
tive to  each  other,  over  the  diameter  range  of  the  sample,  and  relative  to  the  total 
number  concentration  value  for  the  sample. 

The  k values  of  the  foil  samples  were  next  computed  which  corresponded  to  the 
different  analysis  methods  and  assumptions  about  crystal  type  and  1 to  D conversions. 
These  values  were  closely  similar  for  the  different  analysis  methods  applied  to  in- 
dividual samples,  also  between  samples.  The  uncertainty  spread  of  the  k values 
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was  about  an  order  of  magnitude  smaller  than  the  M value  uncertainties  cited  above, 
and  about  two  orders  of  magnitude  smaller  than  the  cited  Z value  uncertainties.  The 
reason  why  the  k values  were  relatively  non-variant  for  the  same  samples  analyzed 
by  different  methods  is  that  for  any  given  sample,  remains  constant  Irrespec- 
tive  of  analysis  method,  also  that  the  F values  do  not  differ  materially  with  method. 
The  reason  that  the  k values  between  the  different  samples  were  similar  for  the  foil 
data  is  that  the  N.p  and  F values  of  the  separate  samples  were  not  importantly  differ- 
ent, in  their  effect  on  k through  Eq.  (E22i  (see  Tables  E4  and  E51. 

The  isollnes  of  k,  from  Eq.  (E17)  were  shown  to  be  "straight  lines"  plotted  on 
a diagram  having  a log  Z abscissa  and  a log  M ordinate.  The  "log  slope"  of  the 
isolines  was  0.5  (see  Figure  E4i. 

The  particular  isolines  of  k for  the  basic  foil  data  (before  Mo  D conversion)  and 
for  the  equiva.dnt-melted-dlameter,  or  D,  data  (as  analyzed  by  the  different,  stated 
methods  and  assumptions  regarding  ^ to  D conversions)  were  plotted  in  Figure  E5. 
The  envelope  of  the  isolines  for  the  basic  data  had  very  small  "spread"  and  the 
"isoline  envelope"  for  these  data  was  contained  within,  and  centered  approximately 
within,  the  isoline  envelope  for  the  converted  "D  data".  This  revealed  that,  to 
reasonable  accuracy  (to  be  discussed  further),  the  k values  of  the  ice-particle 
samples  could  have  bejn  determined  a-priori,  without  any  knowledge  or  assumption 
of  ice-crystal  type. 

The  diagram  also  revealed  (compare  the  isoline  envelopes  of  Figure  E5  with  the 
regression  line  of  Figure  F3)  that  the  vs  points  of  the  samples  necessarily  had 
to  correspond  closely  to  the  M vs  Z values  prescribed  by  the  regression  equation  for 
Cj  ice  crystals,  because  the  k values  of  the  samples  were  nearly  the  same  as  those 
of  the  equation.  We  will  now  demonstrate  this  specifically. 

The  k valuer  for  any  given  regression  equation,  of  M vs  Z,  are  readily  deter- 
mined by  substituting  for  M,  in  Eq.  (E46),  the  value  for  single  hydrometeor 
samples,  of  Eq.  (E17)  to  obtain 

k=  K Zg^^  . (E85) 

or,  from  Eq.  (E80)  , 

k = K Z . (E86) 

s 


The  F values  will  differ  only  Insofar  as  there  are  non-llnearltles  in  the  (*  to  D 
conversions,  and  these,  in  most  cases,  will  be  slight  differences. 

Linear  f to  D conversions  fall  in  the  category  of  "class  by  class  proportionality", 
as  discussed  on  pages  136  through  139,  in  which  there  are  no  changes  of  F re- 
sulting from  conversion. 
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In  this  substitution,  since  k is  defined  only  for  sin^U'  ximples,  the  general 
regression  variables,  M and  Z,  are  specifically  equated  to  their  single-sample 
counterparts,  and  Hence,  in  words,  Kq.  (KttS)  |or  (1086))  prescribes  the 
single-sample  values  of  k that  exist  directly  along  the  course  of  the  equation  line. 

For  Cj  ice-crystals,  K = 0.  038  and  K = 0,529,  see  Table  2 of  R No.  2,  so  that 
the  above  equation  reduces  to 

k = 0.  038  . (i:87) 

If  we  plot  the  above  equation  on  a diagram  having  logarithmic  scales,  with  k as 
ordinate  and  Z as  abscissa,  we  obtain  the  slightly-sloping  line  shown  in  Figure  K14. 
We  can  also  plot  the  k vs  Z^  points  for  the  foil  data  (of  Tables  E8  and  E9)  on  this 
same  diagram.  These  points  are  shown  in  the  diagram,  coded  similar  to  the  ones 
of  I'lgure  103. 
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Figure  K14.  An  Illustration  of  How  the  k vs  Zg  Points  of  Tables  I'8  and  POO  l-'it  the 
k vs  Z Equation  of  lleynisfield  and  Cunningham,  Which  Pertains  to  Cj  Ice  Crystals 
of  Hullet-Rosette  Type.  The  different  sizing  methods,  samples,  and  assumptions 
discnsse<i  in  the  te>rt  are  indicated  by  the  symbol  coding  of  the  plotted  data  points. 
The  coding  is  the  same  as  used  for  I’igure  F3 


A comparison  of  Figure  F14  with  P'igure  K3  reveals  that  the  displacement  of 
the  data  points  from  the  equation  lines  is  equivalent  in  the  two  diagrams.  (The 
cycle  spacing  of  the  ordinate  scales  was  deliberately  "made  equal"  in  both  diagrams, 
to  facilitate  comparison. ) 

P'rom  this  comparison,  also  see  P'igure  E6,  it  is  apparent  that  it  is  the  "spec- 
tral parameter",  k,  that  establishes  the  "quality  of  the  correspondence"  of  the  data 
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points  to  the  equation  lines.  As  noted  previously,  regarding  Figure  E3,  the  M vs 
Z points  of  this  figure  all  lie  within  a factor  of  two  displacement  (in  the  orthogonal 
direction)  from  the  equation  line  for  Cj  ice-crystals.  Likewise,  the  k vs  Z points 
it  Figure  E14  lie  within  a factor  of  two  displacement  from  the  equation  line.  In  the 
latter  figure,  however,  it  is  clear  that  it  is  the  parameter,  k,  and  its  variations, 
that  is  basically  responsible  for  the  orthogonal  departure(s). 

The  paradox  question  is  essentially  answered  at  this  point. 

E7.  POTEMIAI.  ANALYTICAI.  BENEFITS  OF  COMPUTING  AND  USING  THE 

SPECTRAL  PARAMETER,  k 

Not  only  has  the  paradox  question  been  answered  to  this  point  but  a spectral 
parameter  has  been  discovered  that  can  be  computed  from  size-distribution  data 
for  ice  hydrometeors  with  considerably  greater  accuracy  thaneither  the  liquid-water- 
content,  M,  or  the  radar  reflectivity  factor,  Z.  This  is  the  parameter  k.  Many 
procedures  of  the  continuing  programs  can  be  materially  simplified  and  made  more 
accurate  by  computing  and  using  this  parameter  in  our  analyses,  as  we  will  discuss 
and  Illustrate  In  the  remainder  of  the  appendix.  We  will  first  consider  the  absolute 
and  relative  accuracies  of  the  three  hydrometeor  parameters,  M,  Z,  and  k,  and 
illustrate  the  findings  using  particular  nomograms.  We  will  then  draw  conclusions, 
present  verifying  data  and  make  recommendations  for  future  analyses. 

E7. 1 Abioluir  and  Rrlativr  Ai-curacifa  of  (hr  M,  Z.  and  k 

In  considering  the  absolute  and  relative  accuracies  of  M,  Z,  and  k.  we  will 
first  reference  the  foil  data  of  previous  discussion.  Then,  following,  we  will  sum- 
marize the  findings  of  certain  theoretical  treatments  of  the  subject  which  are  des- 
cribed in  detail  in  Appendix  H. 

Previous  consideration  of  the  foil  data  analyzed  by  the  different  methods  and 
f to  D conversion  assumptions  revealed  that  the  uncertainty  spread  of  the  and 
Z^  values  resulting  from  the  diverse  methods  and  assumptions  was  very  large. 
Specifically,  the  uncertainties  in  the  cases  considered  were  the  following:  (see 
pages  110  through  115. 

(1)  For  differences  in  the  method  of  measuring  particle  dimensions  from  the 

record  of  the  foil  impactor  instrument,  in  terms  of  their  "maximum 

dimensions",  as  opposed  to  their  "average  dimensions",  the  nssociated 

differences  in  and  Z^,  for  the  assumption  of  a given  crystal  type, 

ranged  from  about  a factor  of  2 to  a factor  of  5,  for  M^,  and  from  about 

a factor  of  5 to  a factor  of  12,  for  Z , 

s 
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(2)  For  different  i to  D conversion  methods,  between  Investigators,  for  a 
given  crystal  type,  the  differences  ranged  from  about  a factor  of  2 to 
a factor  of  3;  the  differences  ranged  from  about  a factor  of  5 to  a 
factor  of  9, 

(3)  For  minor,  observationally-subtle  differences  of  ice-crystal  type,  as 
between  "thin  plates"  and  "thick  plates",  the  and  differences, 
other  assumptions  held  common,  ranged  from  about  a factor  of  3 to  a 
factor  of  4 and  from  a factor  of  fi  to  a factor  of  13,  respectively, 

(4)  With  complete  lack  of  knowledge  of  crystal-type,  or  with  the  "forced 
assumption"  of  type,  as  has  been  necessary  with  most  of  the  Wallops 
storms  of  previous  SAMS  analysis,  the  associated  M^  and  Z^  differences 
indicated  by  the  foil  data  were  as  large  as  a factor  of  19,  in  M^,  and  a 
factor  of  340,  in  Z^. 

In  comparison  with  these  cited  uncertainty  ranges  of  M and  Z^.  the  reader 
can  see,  by  reference  to  Tables  E4,  ES.  and  E9,  that  the  differences  in  the  k values 
corresponding  to  the  cases  numbered  above: 

(a)  Ranged  from  a factor  of  1.02  to  a factor  of  I.  09  (2  to  9 percent), 
in  Case  1, 

(b)  Ranged  from  a factor  of  l.OS  to  a factor  of  1. 13  (5  to  13  percent), 
in  Case  2, 

(c)  Ranged  from  a factor  of  1. 02  to  a factor  of  1. 08  (2  to  8 percent) 
in  Case  3,  and 

(d)  Were  a factor  of  1.31  (31  percent),  in  Case  4. 

Thus,  the  k differences  in  these  comparative  instances  were  much  smaller  than 
either  the  M_  or  Z_  differences;  or,  stating  this  conversely,  the  k values  for  the 
ice  hydrometeors  of  the  foil  samples  were  determinable  with  considerably  greater 
accuracy  than  either  the  M^  or  Z^  values.  The  determination  accuracy  of  k,  for 
the  instances  noted  above,  was  some  2 to  14  times  better  than  that  for  M^  and 
some  5 to  260  times  better  than  that  for  Z^. 

The  reasons  why  the  k values  can  be  determined  more  accurately  than  either 
the  or  Z^  values  are  readily  demonstrated.  Consider  the  single-sample 
equation  for  M^,  that  is. 

Mg=kZg°'®.  (E17) 


If  this  equation  is  totally  differentiated,  regarding  k as  a variable. 


dk 


dM  dZ 
s s 


Tc  KT"  "TT"  ' 

S 8 


or,  in  finite  difference  form. 


(ESS) 
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TT" 


(E89) 


AM. 


TT 


where  and  7.^  are  the  mean  values  across  the  difference  change. 

The  latter  equation  shows  that  the  ratio  changes  in  k (the  uncertainty  changes) 

will  depend  on  the  difference  between  two  terms  involving  the  ratio  changes  in  M 

and  This  means  that,  whereas  the  ratio  changes  in  M^  and  might  be  large, 

the  associated  ratio  changes  in  k are  not  necessarily  large;  in  fact  they  might  be 

relatively  small.  That  they  are  indeed  small  is  shown  by  the  evidence  of  the  foil 

data  (plus  other  evidence  we  will  discuss  next). 

The  first  section  of  Table  K12  shows  the  approximate  average  values  of  the 

terms  of  Eq.  (EBO)  for  the  foil  data  and  comparison  cases  described  previously. 

The  AM  /M  and  AZ  /2Z  terms  of  the  equation  are  seen  to  have  values  some  14 
s s a s 

to  25  times  larger  than  the  Ak/k  values.  (This  is  true  of  Cases  1,  2,  and  3;  Case 
4 is  an  exception  that  is  explained  in  the  table. ) The  disparity  is  so  large,  in  fact, 
that  it  is  apparent  that  Eq.  (E89)  can  never,  in  any  general  case  situation,  be  used 
to  assess  the  values  of  Ak/k. 

The  values  of  Ak/k  canbeaccuratelyassessed,  however,  from  the  k expression 
of  Eq.  (E22).  Equation  (E22).  rewritten,  is 


(E22) 


which,  when  totally  differentiated,  yields 

dk  dF 

TT 


(Ef»0) 


or,  in  finite  difference  form, 

Ak  ^ AF 

TT  = ’TTj:  T"  • 


(E91) 


This  equation  reveals  that  the  ratio  changes  in  k are  fundamentally  dependent 
on  two  summed  terms  involving  the  ratio  changes  of  N,p  (the  total  number  concen- 
tration) and  the  ratio  changes  of  F (the  form  factor). 


Since  Mg  and  Zg  are  dependent  parameters,  when  Iwth  are  computed  from  the 
same  common  size-distribution-data,  the  negative  sign  of  the  second  term  in 
Eqs.  (E88)  and  (E89)  has  significance  and  must  be  retained  in  any  uncertainty 
investigation. 
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Table  El 2.  Approxim:ite  Average  ValueH  of  the  Terms  of  Eq.  (E89)  and  Average 
Values  of  the  Terms  uf  Eq,  (E91)  fur  the  Comparative  Cases  Involving  the  Foil 
Samples  That  are  Described  in  the  Text,  on  Page  09,  Also  see  the  Footnote 
Comment  on  Page  104 


Comparative 

Cases 

Approximate  Average 
Values  of  the  Terms 

of  Eq.  (E89)^ 

Average  Values 
of  the  Terms 
of  Eq.  (E91) 

AM  AZ 

8 a 

Ak 

AN,j, 

AF 

Ak 

nn”  "22” 

s s 

“R 

■ZTTiJT 

-T 

~Tc 

Case  1 

~2.5  -2.4 

-0.  I 

0.  010 

0.  050 

0.  060 

Case  2 

-1.5  -1.4 

-0. 1 

0 

0.  076 

0.  076 

Case  3 

-2.0  -1.9 

-0.  1 

0 

0.  050 

0.  050 

Case  4 

- 9 - 85  '■ 

•> 

0.  010 

0.  055 

0.  065 

These  can  only  he  estimated,  because  of  the  very-large  uncertainty  spread  of  the 
and  Z values  between  methods,  assumptions,  and  crystal  types. 

The  entire  mathematical  concept  of  finite  differences  "breaks  down"  completely 
when  dealing  with  such  huge  uncertainties  of  Mg  and  Zg  as  are  involved  in  this 
case;  hence  any  consistent  estimate  of  the  term  values  of  Eq,  (E89)  is  impossible. 


The  second  section  of  Table  El 2 shows  the  average  values  of  the  terms  of  Eq, 
(E91)  for  the  foil  samples  and  comparison  cases  of  prior  reference.  It  is  apparent, 
both  from  the  table  and  jquation,  that  the  Ak/k  values  can  be  assessed  much  more 
accurately  from  Eq,  (E91)  than  from  Eq,  (E89).  The  basic  reason  is  that  the  right 
hand  terms  of  Eq,  (E91)  are  individaally  small,  of  the  same  order  of  magnitude  as 
Ak/k,  and  that  the  terms  are  additive.  In  contrast,  the  right  hand  terms  of  Eq. 
(F:89)  are  individually  large  and  Ak/k  is  the  small  subtractive  difference  between 
the  terms. 

The  above  equations  and  Table  El 2 results  demonstrate  why  the  k values  of 
the  foil  data  are,  and  should  rationally  be,  inherently  more  accurate  than  either 
the  M or  Z values. 

S 8 

The  reader  might  question  whether  generalized  conclusions  are  warranted 
from  such  limited  foil  data.  With  this  question  in  mind,  a separate,  theoretical 
investigation  of  f to  D conversion  effects  was  conducted  which  is  presented  in  the 
second  section  of  Appendix  H.  This  investigation  considered  the  uncertainties  of 
Mg,  Zg,  and  k that  would  result  from  the  t to  D conversion  of  ice  or  snow  particles 
that  were  sized  in  terms  of  their  physical  dimension,  f,  and  converted  into  equiva- 
lent molted  diameter,  I),  in  accord  with  the  conventional,  power-function  relation- 
ship. 


158 


D = 


(E92) 


under  the  assumptions  that  both  the  coefficient  y,  and  the  exponent.  6,  were  subject 
to  uncertainty. 

The  results  of  this  investigation  are  summarized  in  Figures  E15,  1016,  and 

E17.  In  each  of  these  figures,  the  ratio  uncertainties  (solid  curves), 

AM^/M  (dashed  curves)  and  Ak/k  (dotted  curves)  are  shown  plotted  vs  the  liquid- 

water-content,  Mg.  The  uncertainties  for  large-snow  of  type  I.S^  are  shown  in 

the  first  figure  for  four  different  uncertainty  assumptions  regarding  y and  (),  see 

Tables  HI  and  112,  of  Appendix  M.  The  corresponding  uncertainties  for  small-snow 

of  type  SSg  are  shown  in  the  second  figure.  Those  for  type  Cj  ice-crystals  are 

shown  in  the  third.  The  figures  show  that  the  AZ^/Zg  uncertainties  range  from 

about  1.4  to  5.2  (140  to  520  percent),  dependent  on  hydrometeor  type,  liquid-water- 

content  and  y , <J  assumptions;  the  AM  /M  uncertainties  range  from  about  0.  071  to 

s s 

to  2.  0 (71  to  200  percent),  whereas  the  Ak/k  uncertainties  only  range  from  about 
0.  10  to  0.  34  (10  to  34  percent). 

The  figures  also  reveal  (by  forming  the  ratios  of  the  decimal  uncertainties)  that 

the  Ak/k  values  are  some  4 to  39  times  less  sensitive  to  d to  I)  conversion  effects, 

than  are  the  AZ  /Z  values  and  some  2 to  15  times  less  sensitive  than  are  the 
s s 

AMg/Mg  values.  Less  sensitivity  means,  of  course,  that  the  k values  for  ice 
hydrometeors,  for  which  i to  I)  conversions  are  required,  can  be  determined  more 
accurately,  by  these  amounts,  than  either  Z or  M can  be  determined. 

It  is  pertinent  to  note,  see  Kqs.  (1140)  and  (1141)  of  Appendix  H,  that  the  deci- 
mal uncertainties  of  k depend  only  on  the  uncertainties  of  the  exponent,  0,  of  Eq. 
(E92)  whereas  the  decimal  uncertainties  of  M and  Z , besides  being  dependent  on 
the  exponent  uncertainties,  are  also  dependent  on  the  uncertainties  of  the  equation 
coefficient  > . The  situation  is  discussed  in  Appendix  H.  Basically,  however,  the 
fact  that  Ak/k  does  not  depend  on  Ay  stems  from  the  principle  of  "class  by  class 
proportionality",  that  was  described  on  pages  135  through  137.  Only  the  non- 
linearities  of  conversion,  which  arise  when  0 1,0,  can  cause  changes  or  uncer- 

tainties in  the  k values.  (Actually,  it  Is  the  K values  which  contribute  to  k through 
Eq.  (E22)  that  are  specifically  affected.  The  N.j,  values,  which  also  contribute, 
remain  unchanged  with  conversion. ) 

It  should  be  emphasized,  before  leaving  this  section,  that  the  AZ  /Z  , 

s s 

AMg/Mg,  and  Ak/k  uncertainties  indicated  in  Figures  E15,  E16,  and  E17  are 
strictly  those  pertaining  to  the  effects  of  ^ to  D conversion.  Other  uncertain 
influences  on  Zg,  , and  k,  such  as  discussed  on  pages  101  through  104,  were 
not  considered  in  the  theoretical  investigation. 
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DECIMAL  UNCERTAINTY- NON  DIMENSIONAL  DECIMAL  UNCERTAINTY-NON  DIMENSIONAL 


M LIOUIO-WATER-CONTENT  (amtn-S) 


Figure  El 5,  Equation 
Plots  of  the  Decimal 
Uncertainties  of  Radar 
Reflectivity  Factor, 

AZg/Zg  (dashed  curves),  of 
Liquid  Water  Content, 
AMg/M,  (solid  curves)  and 
of  the  Spectral  Parameter 
k,  that  is,  Ak/k  (dotted 
curves),  for  Large  Snow 
of  Type  LS3.  The  assumed 
uncertainties  of  £ to  D 
conversion,  tliat  is.  Ay  and 
A>»,  see  Eqs.  (H22),  (H29), 
(1130),  and  (H38)  of  Ap- 
pendix H,  indicated  for 
each  of  the  curves.  The 
first  number  is  the  assumed 
Ay  uncertainty;  the  second 
is  the  assumed  A0  uncer- 
tainty. Since  Ak/k  is 
functionally  dependent  on 
A0  alone,  only  the  A6 
assumptions  are  indicated 
for  these  curves 


N LIOUID  WATER-CONTENT  (qmm-9) 


Figure  EI6.  Equation 
Plots  of  the  Decimal 
Uncertainties  of  Radar 
Reflectivity  Factor, 
Liquid-Water-Content 
and  the  Spectral  Parameter 
k,  for  Small  Snow  of  Type 
SSg  (see  caption  of  Fig- 
ure E15  for  a description 
of  the  curves) 
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Figure  E17.  Equation 
Plots  of  the  Decimal 
Uncertainties  of  Radar 
Reflectivity  Factor, 
Liquid-Water-Content 
and  the  Spectral  Parameter 
k,  for  Ice-Crystals  of  Type 
C]  (see  caption  of  Fig- 
ure E15  for  a description 
of  the  curves) 


K7.2  Numographir  UlualratioM  of  the  Cumparalive  Accuraciea  of  thr 
Speriral  and  Kadar-IM«aMir(d  Paramrleri  of  Ihr  SAMS  Program 

The  nomogram  shown  in  Figure  E18  has  been  found  to  be  exceedingly  useful 
for  the  consideration  and  illustration  of  the  values,  relationships,  and  uncertain- 
ties of  the  parameters  of  previous  discussion.  The  ordinate  scale  of  the  nomogram 
is  k;  the  abscissa  scale  is  Z.  The  isolines  of  M on  the  nomogram,  as  computed 
from  Eq.  (E17),  are  the  lines  that  slope  upward  to  the  left.  From  value  knowledge 
of  any  two  of  the  parameters,  M,  Z,  or  k,  the  nomogram  provides  the  value  solu- 
tion for  the  third. 

For  purposes  of  familiarizing  the  reader  with  this  nomogram,  the  particular 
k vs  Z equations  are  shown  plotted  thereon  for  Cj  ice-crystals,  for  small-snow, 
of  type  SSg,  for  large -snow,  of  type  LS^  and  for  widespread  rain,  of  type  Hj^^. 

(The  general  equation  is  Eq.  (E86)l.  These  are  hydrometeor  categories  and  types 
that  have  been  commonly  referenced  in  prior  SAMS  analyses  and  their  equation 
lines  on  the  nomogram  show  the  relative  k.  Z differences  between  categories,  for 
these  types. 


Type  designations  for  hydrometeors  were  specified  in  R No.  2 and  the  particular 
M vs  Z equations  for  the  types  were  listed  in  Table  2.  The  k vs  Z equations  cited 
above  are  related  to  the  M vs  Z equations  through  Eqs.  (E84)  and  (E86).  The  "M" 
subscript,  applied  to  the  K and  E parameters  of  the  cited  table,  has  not  been  re- 
tained in  the  work  herein. 
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Kigurt'  DIH.  Example  of  Nomogram  of  k (ordinate) 
vs  Z (abscissa)  With  Isolines  of  iM.  The  particular 
equation  plots,  of  k vs  are  also  shown  for  t i 
ice-crystals,  for  small-snow,  of  type  SSg,  for  large-snow, 
of  type  LS.j  and  for  Widespread  rain,  of  type  K 


By  use  of  this  form  of  nomogram,  we  can  progressively  illustrate  the  SAMS 
situations,  concerning  ice  hydrometeors,  in  which  we  (1)  correlate  the  M and  Z 
computed  from  spectral  data,  (2)  correlate  the  M values  computed  from  spectral 
data  with  the  Z values  measured  by  radar  and  (3)  correlate  the  k values  computed 
from  spectral  data  with  the  Z values  measured  by  radar.  In  each  of  these  situations, 

C ^ Q 

it  is  assumed,  for  the  convenience  of  illustration,  that  Z = 25  mm  m , 

-3  -3  -1  5 

M = 0.  15  gm  m , and  k = 0.03  gm  mm  m * , which  values  are  consistent  with 
Eq.  (E17). 

In  Situation  1,  if  the  M and  Z values  are  both  computed  from  the  same,  common 
spectral  data,  the  uncertainty  bounds  of  the  M and  Z values  will  be  approximately 
as  indicated  by  the  shaded  areas  of  lightest  tone  in  Figure  El 9.  The  specifics  of 
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the  uncertainty  aseumptions  are  explained  in  the  footnote  below.  The  overlapping 
area  of  the  common  M,  /.  uncertainties  or  the  nomogram  is  the  rhomboid  indicated 
by  the  second  stage  of  shading.  If  the  M,  /.  v.ahies  were  independent  values,  this 
would  be  the  "uncertainty  rhomboid".  However,  the  M,  /.  values  computed  from 
spectral  data  are  not  independent,  hence,  the  actual  uncertainty  area  on  the  nomo- 
gram is  the  horizontal,  quasi -rectangular  area  indicated  by  the  cross-hatching, 

(The  vertical  dimension  of  the  rectanele  is  dictated  by  the  k value  uncertainties 
which  are  discussed  below  and  illustrated  in  Figure  F21. 1 

In  Situation  2,  in  which  the  M values  computed  from  spectral  data  are  corre- 
lated with  the  ’/■  values  of  radar  measurement,  the  uncertainties  are  approximately 
as  illustrated  in  l-Tgure  K20,  The  uncertainties  of  M are  unchanged  from  the  pre- 
vious nomogram.  However,  the  uncertainties  of  the  radar-measured  values  of  Z 
are  substantially  smaller  than  the  uncertainties  of  the  Z values  of  spectral  compu- 
tation. Radar-measured  Z is  uncertain  to  about  ± 2 dR.  with  a carefully-calibrated, 
well-maintained  radar,  see  Tables  HI  through  B4  of  R No.  1,  for  example.  This 
* 2 dB  of  uncertainty  is  indicated  in  the  Figure  n20  nomogram.  It  is  seen  from  the 
nomogram  that  the  uncertainty  area  for  spectral  \1  correlated  vs  radar  Z is  a 
rhomboid  that  is  "tall",  vertically.  This  uncertainty  area  is  orthogonally  oriented, 
relative  to  that  of  Figure  F.in,  It  is  pertinent  to  note  that  this  method  of  correlation, 
here  Illustrated,  is  the  one  that  is  currently  being  employed  in  the  SAMS  program 
at  Wallops  Island,  Virginia. 


The  specific  assumptions  f'l  it  were  employed  to  obtain  the  M,  7.  and  k uncertainties 
of  Figures  F19  and  F21  were  the  following:  It  was  assumeti  that  the  total  number 
concentration  of  the  ice  hydrometeors  would  be  measureable,  in  a proper-operating, 
well-maintained  instrument  of  the  Knollenberg  type,  to  within  a factor  of  two 
(approximately  t 1.5  dli).  It  was  assumed,  reference  the  theoretical  work  of  Sec- 
tion 2,  Appendix  H,  and  Figures  F15  through  F17,  that  the  uncertainties  of  f to  D 
conversion  would  correspond  approximately  to  a A7  » 0.  2 and  a A0  • 0.  2,  which 
gives  A7.g/Z_,  AMg/M-,  and  Ak/k  uncertainties  that  are  in  approximate  accord 
with  those  determined  from  the  combined,  comparable  Case  2 and  Case  3 situa- 
tions of  the  foil  data  investigation,  see  page  156.  It  was  also  assumed  that  the 
differences  of  length-measure  relationships  between  the  physical  measures  of 
crystal  or  particle  sire  and  the  sires  measured  by  the  particular  instrument,  would 
cause  component  uncertainties  of  7,  M,  and  k of  the  order  indicated  under  the 
Case  1 situation  of  the  foil  data  investigation,  that  is,  approximately  t a factor 
of  2,  for  M and  ± a factor  of  4,  for  Z). 

The  total  uncertainties,  of  all  combined  components,  were  estimated,  by 
mathematical -nomographic  techniques,  with  probable  error  summation,  to  be  i a 
factor  of  10  (approximately  1 10  dB)  for  Z,  ± a factor  of  5 (approximately  * 5 dB) 
for  M and  1 a factor  of  1,  6 (approximately  t 2 dB)  for  k. 

As  mentioned  in  previous  AFCRL/SAMS  Reports,  the  uncertainties,  since  they  are 
large  fractions  or  multiples  of  the  basic  values  themselves,  are  higniy  non 
symmetric",  in  their  positive  vs  their  negative  amounts.  Thus,  the  above  uncer- 
tainties quoted  are  not  specifically  relatable  in  terms  of  factors  of  difference, 
percent  differences,  or  dB.  Decibels  are  used  in  Figures  E19,  E20,  and  E21,  to 
facilitate  comparisons  with  the  radar  measurements. 
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Figure  FI 9.  Nomographic 
Illustration  of  the  Uncer* 
taintiea  and  "Uncertainty 
Areas"  of  M and  Z for 
the  Case  in  Which  These 
Parameters  are  Both 
Computed  From  Spectral 
Data 
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Figure  F20.  Nomographic 
Illustration  of  the  Uncer- 
tainties and  "Uncertainy 
Area"  of  M and  Z for 
the  Case  in  VNhich  M is 
Computed  From  Spectral 
Data  and  Z.  is  Measured 
by  Radar 
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l-'iKure  E2\.  Nomographic 
llluatration  of  the  Uncer- 
tainties and  "Uncertainty 
Area"  of  k and  7.  for  the 
Case  in  Which  k is  Com- 
puted From  Spectral  Data 
and  /.  is  Measured  by 
Hadar 


In  Situation  1,  in  which  the  k values  computed  from  spectral  data  are  corre- 
lated with  the  /.  values  of  radar  measurement,  the  uncertainties  are  approximately 
as  illustrated  in  l igure  1:21.  The  k value  uncertainties,  which  are  about  t 2 dB. 
were  determined  under  the  same  set  of  uncertainty  assumptions  employed  to  esti- 
mate the  uncertainties  of  spectral  M and  spectral  Z.  see  the  footnote  on  page  163. 
This  nomogram  reveals  that  the  uncertainty  area  for  spectral  k correlated  with 
radar  7.  is  a rnther-small.  "square ' area,  which  is  considerably  reduced  in  site, 
compared  with  the  uncertainty  areas  of  either  I'igure  K19  or  Figure  K20. 

This  finding  is  important  for  SAMS,  because  it  tells  us  that  we  can  materially 
simplify  and  enhance  the  accuracy  of  our  present  analytical  and  correlation  proce- 
dures by  computing  the  spectral  parameter  k and  employing  it  in  correlations  with 
radar  /.  (rather  than,  as  now,  correlating  spectral  M with  radar  Z). 

K7.:t  \ rrifirslioii  of  Ihr  ArrNrar>  laJiasrfSirwl  of  k «■  / ReiPnMaN 

If  the  previous  suggestion  has  merit,  it  should  be  possible  to  design  a data-test 
to  prove  that  k vs  Z regression  yields  more  accurate  results  than  M vs  7.  regression. 
The  Z values,  here,  and  in  the  subsequent  discussion,  are  assumed  to  be  those  of 
radar  measurement. 
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Suchateitwaf  dcaigned  uaingthe  ice-cryatal  data  of  PVM-5,  Paaa  8,  which 

were  prevloualy  referenced.  Theae  data  were  aelected  tecauae  the  M valuea  for 

the  ice-cryatal  aamplea  had  been  computed  from  Knollenberg  apectral  information 

uaing  particular  f to  D converaion  aaaumptiona.  The  data  were  alao  aelected  be- 

cauae  the  apectral  M valuea  had  been  correlated  with  radar-meaaured  Z valuea 

15 

(aa  meaaured  by  the  Alcor  Radar  on  Roi-Namur  laland,  Kwajalein  Atoll.  M.  I.  ). 

The  croaa-plot  of  the  aircraft,  aice-diatribution  M valuea  va  the  radar- 
meaaured  Z valuea  for  Paaa  8 of  PVM-S  are  ahown  in  Figure  E22.  The  pointa  are 
plotted  on  the  nomogram  of  prior  deacription.  The  regreaaion  equation,  of  M va  Z. 
ia  ahown  and  the  regreaaion  line  ia  indicated.  The  correlation  coefficient  for  the 
data  la  0. 143;  the  log  atandard  error  of  eatimate  ia  0.  197. 


Figure  E22.  Croaa-Plot  of  the  Aircraft  Spectral 
Valuea  of  M Plotted  va  the  Radar- MeaaurH  Valuea 
of  Z.  for  the  Data  of  PVM-5.  Paaa  8,  The  M 
va  Z regreaaion  equation  ia  indicated,  aa  are  the 
correlation  coefficient  (r)  and  the  log  atandard  error 
of  Eatimate  (LSE) 


The  k valuea  for  the  aize-diatribution  data  of  Paaa  8 were  computed  and  theae 
are  ahown.  in  Figure  E23.  croaa-plotted  va  the  radar  Z valuea.  The  regreaaion 
equation,  of  k va  Z.  ia  noted  and  the  correaponding  M va  Z equation  ia  ahown.  below 
the  daahed  line.  The  correlation  coefficient  for  theae  data  ia  0.  533;  the  log  atandard 
error  of  eatimate  ia  0.  110. 


166 


Figure  E23.  Cross-Plot  of  the  Aircraft  Spectral  Values  of 
k Plotted  vs  the  Radar- Measured  Values  of  Z,  for  the  Data 
of  PVM-5,  Pass  8.  The  k vs  Z regression  equation  is 
indicated,  as  are  the  correlation  coefficient  (R)  and  the 
log  standard  error  of  estimate  (LSE).  The  M vs  Z equation 
corresponding  to  that  of  k vs  Z is  noted  below  the  dashed 
line 


It  is  visually  apparent  that  the  k,  Z data  points  of  Figure  E23  have  less  scatter 
and  better  fit  the  regression  line,  than  the  M,  Z points  of  Figure  E22.  The  corre- 
lation coefficient,  by  using  k as  a correlation  parameter  rather  than  M,  has  been 
Improved  from  0.  143  to  0.  533;  the  log  standard  error  of  estimate  has  been  reduced 
from  0.  197  to  0.  110.  These  are  substantial  improvements  of  accuracy,  which  pro- 
vide verification  of  the  inherent  superiority  of  the  technique  of  k vs  Z regression. 

It  is  of  Interest  to  intercompare  Figures  E20  through  E23.  From  Figure  E22 
it  is  seen  that  the  PVM-5  data  have  large  scatter  in  the  vertical,  or  k,  direction. 
This  corresponds  with  the  predicted  direction  and  magnitude  of  the  primary  uncer- 
tainties, of  Figure  E20.  Similarly,  comparison  of  Figures  E23  and  E21,  and  inter- 
comparison  with  Figures  E22  and  E20,  reveals  that  the  extent  of  the  data  scatter 
and  predicted  uncertainties  has  been  commonly  reduced,  in  the  first  cited  pair  of 
figures  relative  to  the  second. 

Since  Situation  1 and  Situation  2 correlations  have  been  performed  previously 
in  our  SAMS  work,  we  offer  the  following  additional  comments  about  the  nature  of 
the  inaccuracies  that  are  inherent  in  regression  equations  obtained  by  the  two 
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methods.  These  comments  will  help  identify  and  differentiate  the  "trustworthy" 
aspects  of  our  previous  correlation  analyses  from  the  "untrustworthy". 

In  Situation  1,  when  spectral  M is  correlated  vs  spectral  Z,,  both  the  IVI  and  Z 
values  are  highly  uncertain.  However,  the  values  of  the  spectral  parameter  k are 
known  with  fair  accuracy.  This  implies,  although  we  will  not  elaborate  the  details, 
that  the  exponent,  K,  of  the  M,  Z regression  equation,  will  also  he  known  with 
reasonable  accuracy,  because 


f: 


0.  5 + 


A log  k 
A log  z;  • 


(E59) 


and  because  the  denominator  of  the  second  term  can  be  evaluated  from  relative 
knowledge  of  the  sample  values,  rather  than  absolute  knowledge.  With  regard 
to  the  coefficient  of  the  regression  equation,  which  is  given  by 

[log  k - log  Z (E  - 0.5)] 

K=  10  . (E60) 

see  page  133,  both  the  log  k and  E terms  of  this  equation  are  known  moderately  well, 
but  the  log  Zg  term  is  not.  Hence,  as  can  be  seen  from  the  equation,  K can  be 
accurately  assessed,  if  E has  a value  equal  to  or  close  to  0,  5;  but  the  uncertain- 
ties of  K wil’  progressively  increase  and  become  substantial,  ns  E departs  from  0.5. 

In  Situation  2,  when  spectral  M is  correlated  vs  radar  Z,  the  M values  are 
highly  uncertain  but  the  Z values  are  known  with  optimum  accuracy.  There  is  an 
implication  in  this  situation,  which  can  be  seen  from  F igure  IC20,  that  the  k values 
are  highly  uncertain  and  that  they  are,  in  effect,  being  computed  from  the  relation- 
ship 

k= — 8pectral_  ^ 
radar 

rather  than  from  the  proper  relationship  of  Flq.  (E22)  (in  which  both  M and  Z 
are  spectrally  determined).  This  implicit,  ficticious  uncertainty  of  the  k values 
causes  resultant,  major  uncertainty  in  the  exponent,  FI,  of  the  regression 
equation,  because,  see  Flq.  (F:5n),  the  term  Alog  k becomes  highly  uncertain, 
thereby  affecting  FI.  Ijikewise,  the  coefficient,  K,  of  the  regression  equation, 
becomes  highly  uncertain,  because  both  the  log  k and  E terms  of  Eq.  (E60) 
are  uncertain. 

To  summarize,  then,  the  most-accurate  regression  equations  will  be  obtained 
under  Situation  3.  The  equations  obtained  under  Situation  1 will  be  reasonably  accu- 
rate, except  that  the  K values  will  become  progressively  more  uncertain  as  the  E 
values  depart  from  0.5.  The  equations  obtained  under  Situation  2 will  be  the  least 
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accurate  of  all,  since  both  K and  K will  be  very  uncertain.  The  latter  type  of 
regression  should  be  avoided  in  the  future. 


SUMMARY  AND  CONCLUSIONS 

Certain  factors  were  considered  in  this  appendix  (and  in  the  support  work  of 
Appendix  H)  that  would  cause  uncertainties  in  our  ability  to  determine  the  values  of 
liquid-water-content,  M,  and  radar-.'eflectivity-factor,  from  spectral  data  for 
ice  hydrometeors  (snow  and  ice  crystals)  obtained  from  aircraft  Instruments, 

Various  analyses  and  investigations  were  performed  to  assess  the  uncertainties 
involved  in  (1)  analyst  subjectivity,  in  the  case  of  foil  impactor  data,  (2)  the  prob- 
lems of  relating  the  geometric  dimensions  of  ice  hydrometeors  to  the  dimensions 
that  are  measured  Instrumentally  or  analytically  and  (3)  the  use  of  different  I to  H 
conversion  assumptions  applied  to  ice  hydrometeors  of  a given  category  and  type, 
when  these  are  known,  or  to  the  category  in  general,  when  type  is  unknown. 

It  is  concluded  from  this  work  that,  due  to  these  influences  alone,  the  uncer- 
tainties in  M,  which  are  normal  and  to  be  expected,  are  of  the  order  of  i a factor 
of  two  to  i a factor  of  five  and  the  uncertainties  of  / are  of  the  order  of  * a factor 
of  four  to  t a factor  of  ten.  The  precise  nature  of  the  data,  and  the 
diligence  employed  in  analyses,  will  dictate  whether  the  uncertainties  will  be  larger 
or  smaller,  within  these  general  ranges. 

It  should  be  emphasiied  that  there  were  numerous  other  uncertainty  influences 
of  recognized  importance  that  were  not  considered  in  the  present  investigation. 
Neglected  were  such  things  as  (1)  instrumental  measurement  inaccuracies,  (2)  prob- 
lems of  type  differences,  between  the  hydrometeors  of  different  size  within  single 
samples,  (3)  instrumental  truncation  problems,  and  relative  truncation  problems, 
such  as  arise  in  the  comparison  or  correlation  of  data  from  different  instruments, 
or  in  comparisons  or  correlations  with  radar  data,  (4)  problems  of  instrumental 
sampling-volumes,  particle  capture-probabilities  and  sample  representativeness, 
between  different  instruments  and  relative  to  the  "true”  atmospheric  conditions  and 
to  the  atmospheric  volumes  sampled  by  radar,  and  (.S)  problems  involving  failures 
of  space-time  correspondence  between  comparative  data  samples.  All  of  these 
uncertalny  factors  should  be  investigated  in  detail.  They  could  not  be,  herein, 
because  of  limitations  of  resources  and  time. 

In  other  work  of  the  appendix,  a spectral  parameter  was  defined  and  described 


To  verify  these  statements,  reference  is  made  to  the  data  of  PVM-5,  Pass  8. 

For  Situation  3,  F * 0.  664  and  K ^ 0.0129.  These  are  the  values  of  optimum 
accuracy.  For  Situation  1,  F - 0.731  and  K - 0.0135.  For  Situation  2,  E * 0.567 
and  K « 0.00935.  It  is  apparent  that  the  Situation  1 values  better  approximate 
those  of  Situation  3 than  do  the  Situation  2 values. 
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that  can  be  computed  more  accurately,  from  aice'diatribution  data,  than  either  M 
or  Z can  be  computed.  The  accuracy  enhancement  achieved  by  uae  of  the  parameter 
rangea  from  about  a factor  of  2 to  a factor  of  IS,  relative  to  M,  and  from  about  a 
factor  of  4 to  a factor  of  40.  relative  to  Z.  dependent  on  the  particular  circum- 
atancea.  Thia  apectral  parameter  waa  deacribed  in  aome  detail  and  ita  valuea  and 
trenda  (with  Zi  were  demonatrated  for  rain,  anow,  and  ice-cryatala.  The  phyaical 
reaaona  for  the  characteriatic  valuea  and  trenda  were  explained,  Methoda  were  alao 
diacuaaed  whereby  the  parameter  valuea  could  be  employed  in  correlationa  with 
radar  meaaurementa  of  Z.  to  obtain  more-accurate  M va  Z equationa,  than  formerly. 

It  ia  concluded,  from  thia  work,  that  varioua  of  the  analytical  procedurea  now 
being  uaed  in  the  AKCRI.  program  of  aupport  for  SAMS  can  be  materially  aimplified 
and  quantified  ')y  the  routine  computation  and  employment  of  thia  apectral  param- 
eter. The  concepta  and  recommendationa  are  explained  and  illuatrated  in  the  follow- 
ing aection. 


RM:OMMKISIIATK>hS 


By  the  routine  computation  of  the  apectral  parameter,  k,  we  can  deaign  analy- 
tical procedurea  that  will  reduce  the  fundamental  problem  of  determining  the  liquid- 
water-content  valuea  for  the  SAMS  miaaile  trajectoriea  into  two  essential  data  re- 
quirementa  and  one  computational  atep. 

The  concept  involvea  the  acquisition  of  two  basic  profiles  for  any  given  tra- 
jectory. The  first  is  the  trajectory-specific  profile  of  the  radar  Z values,  as 
obtained  by  the  same  SAMS  methods  employed  in  the  past.  The  second  is  the  tra- 
jectory-specific profile  of  the  k values,  as  determined  from  aircraft  spectral  data 
(plus  radar  correlation  data,  as  will  be  described).  The  desired  trajectory  values 
of  liquid-water-content  are  immediately  obtainable  from  these  two  profiles,  because, 
for  each  height  level  in  the  storm,  along  the  trajectory,  except  within  the  melting 
zone,  the  equation  M = k applies  and  the  M values  are  readily  computed  from 
those  of  Z and  k. 

For  example,  with  reference  to  Figure  F24,  the  dotted  profile  of  this  figure, 
labeled  "No.  1”,  shows  the  radar  Z values  for  the  trajectory  of  the  first  SAMS 
missile  launched  into  the  storm  of  2 February  1973.  The  solid  profile,  labeled 
"No.  2",  shows  the  k values  for  the  trajectory.  The  values  of  liquid-water- 

;J{ 

The  k values  across  the  melting  zone  were  determined  from  the  AFCRL  model  of 
the  melting  zone,  see  Appendix  G.  by  summing  the  spectral  contributions  of  both 
the  fully-melted  water  drops  and  the  water-coated  ice  particles.  The  profile  Z 
values  shown  in  Figure  F24,  within  the  melting  zone,  are  merely  values  that  are 
consistent  with  these  k values  and  with  the  assumption  of  a linear  change  of  pre- 
cipitation rate  within  the  zone. 
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conttnt  for  th«  trajectory,  which  woro  h«i(ht  computed  from  profllee  1 end  2, 
using  the  relation  M ■ k are  indicated  by  the  daahed  profile,  labeled  "No.  3". 

The  trajectory- apeciflc  profiles  of  the  k values  for  the  SAMS  missiles  cannot 
be  obtained  from  aircraft  spectral  data  alone,  aince  k,  when  correlated  with  Z, 
does  evidence  some  degree  of  variation,  which  is  dependent  on  the  storm  conditions 
and  hydrometeor  type,  see  Figures  E9  through  E12,  and  Figure  E18,  Hence,  either 
before  a missile  launch,  or  after,  during  storm  periods  that  are  representative  of 
the  launch  time  conditions,  it  is  necessary  to  acquire  combined  radar  and  aircraft 
data  at  various  storm  levels  to  provide  knowledge  of  the  k vs  Z relationships  that 
specifically  pertain  to  the  particular  storm  and  its  contained  hydrometeors.  Such 
knowledge  will  be  acquired  for  SAMS  in  ttie  future  by  so-called  "link  mode"  tech- 
niques, in  which  the  weather  radar  is  programmed  to  "look  at"  and  obtain  the  Z 
values  from  a spatial  volume  located  just  ahead  of  (or  very  close  to)  the  aircraft 
as  it  moves  along  its  flight  path  through  the  storm.  The  variability  of  k with  Z for 
various  storm  altitudes  can  be  readily  determined  from  such  link-mode  data  and 
the  trajectory- specific  profiles  of  k,  such  as  shown  in  Figure  E24,  can  likewise 
be  determined.  (Alternately,  or  in  addition,  the  particular  M vs  Z relationships 
for  the  different  storm  altitudes  and  hydrometeor  types  can  be  obtained,  through 
the  use  of  Eqs.  (E78)  and  (E81)). 
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Figure  F24,  Kxamples  of  Trajectory  Profiles  of  Radar  Measured 
of  Aircraft- Radar  Drtermined  k and  of  the  Resultant  M Profile 
C’omputed  from  M = kyfy. 
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Appendix  F 

Lkiuid-Wattr-Coniint  and  Siia  {Matribution  Infonnatkin 
Aoquirad  fromthaMfll  Naaaio  Aircraft 


A Piper-Navajo  aircraft  was  flown  contractually  for  SAMS  purposes  in  the 
1372-73  season  by  Meteorology  Research,  Inc.  (MRI).  The  aircraft  was  based  at 
Wallops  Station  Airfield.  The  pilot  was  Mr.  Alfonso  Ollivares. 

When  appropriate  storm  conditions  for  missile  launch  operations  existed  at 
Wallops,  the  Navafo  aircraft  was  usually  flown  into  the  storm  to  near  its  ceiling 
altitude  of  approximately  24,000  feet.  It  remained  there  in  a holding  pattern,  to- 
gether with  the  f’-no  aircraft  of  Al'Cil.  (if  present)  until  (a)  the  missile  was  fired, 
or  (b)  the  launch  operations  were  terminated  for  one  of  a variety  of  technical  or 
meteorological  reasons.  If  a missile  was  fired,  the  Navajo  was  flown  from  the 
holding  pattern  to  the  trajectory  region  of  the  storm  and  the  pilot  then  began  making 
measurement  traverses  along  the  line  of  the  horizontal  projection  of  the  missile 
path.  The  traverses  were  each  about  10  nautical  miles  in  length  and  the  pilot  was 
directed  along  the  path  by  radar  vectoring  from  one  of  the  NASA  tracking  radars. 

On  completion  of  the  first  pass,  at  near  the  ceiling  altitude  of  the  aircraft,  the  pilot 
descended  to  a lower  flight  altitude  and  began  a second  measurement  traverse, 
followed  by  a third,  a fourth,  and  so  forth.  The  traverse  altitudes  were  specified 
on  the  bases  of  the  particular  storm  characteristics,  as  supplemented  by  the  pilot's 
radio  descriptions  of  the  hydrometeor  conditions  being  encountered.  About  six  to 
ten  total  traverses  were  usually  made,  separated  in  altitude  by  approximately  1000 
to  5000  feet.  The  time  required  to  accomplish  the  traverses  following  missile  firing 
was  some  50  to  30  minutes.  Fewer  traverses  and  less  time  were  required  if  the 
AFGI.  r-130A  aircraft  was  also  present  making  storm  measurements. 
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The  MRI  Navajo  aircraft  arrived  at  Wallopa  Station  Airfield  in  mid-January. 

It  flew  a calibration  aortie  on  18  January  1973.  in  conjunction  with  the  AFGL 
C-130A  aircraft,  for  purpoaea  of  checking  and  croaa-comparing  the  cloud-phyiica 
inatnimentation  aboard  both  aircraft.  The  firat  atorm  flight  of  the  Navajo  waa  on 
2 February  1973,  in  aupport  of  the  SAMS  miaaile  launchea  of  thia  day.  The  eecond, 
and  final,  atorm  flight  of  the  Navajo  waa  in  support  of  the  SAMS  launches  of  27 
February  1973.  The  Navajo  flew  additionally,  later  in  the  season,  on  15  March  and 
7 April  1973,  to  obtain  particular  measurement  information  in  upper-level,  cirrus 
cloud  situations. 

The  MRI  work  efforts  and  data  results  in  support  of  the  SAMSO/ABRES  and 
DNA  HEART  programs  have  been  summarized  in  the  final  report  under  Contract 
No.  DNA  001-72-C-0130  (P00002)  of  29  July  1974.  Excerpts  of  the  summary- 
tabular  results  of  this  report  that  specifically  pertain  to  the  SAMS  missile  launches 
of  2 February  and  27  February  1973  are  presented  in  Tables  FI,  F3,  and  F5  through 
F8.  Additional  analytical  results  based  on  the  MKI  data  are  shown  in  Figures  FI 
and  F2  and  in  Tables  F2  and  F4. 


18.  Takeuchi,  D,  M.,  Knuth,  W.R. , and  Green.  W.  D.  (1974)  Meteorological  Support 
for  the  SAMSO/ABRES  Program  and  the  DNA  HEART  Program,  Mnal  Report 
under  Contract  UNA  o01-72-(!:-01So  (P00002),  Meteorology  Research,  Inc. , 
Altadena,  California. 
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Table  F’l.  Quick-Look  Summary  of  Cloud  Particles  In  Storm  of  2 February  1973, 
Wallops  Island,  Virginia 


Droplet  Sue  PartirleH 
(dl:i.  < 300  |iml 

1‘reclpltallon  Site 
(dla.  200  pm) 

.Alt. 

Time 

(I.STI 

Temp. 

Cfl 

Type 

Conr^ 

(cm*  *1 

Dla. 

Kancre 

(^ml 

Type 

<*onr 
(lit- 1) 

Dia. 

Manne 

Imml 

Htm.rk. 

I.S.O 

o|H-‘»20 

-7.  S 

DropletN 

Drops 

0.  1 

0,  0001 

to-:io 

10-100 

Snow 

2.  0 

'1 

(*loud  droplets  are  present  In 
low  concentrations  varvtnff 
between  0,  Ol  to  0.  5 cm**'. 

Drop  splsshlnff  suggests  that 
droplets  In  dia.  range  of  50  to 
lOO  4m  are  present  In  low 
concentrations.  1 oil  data 
reveal  that  the  snow  particles 
are  as  large  as  5 to  6 mm. 

The  snow  particles  appear  to 
be  spatial  dendritea  and  appear 
to  be  fragile  (low  denaitv 
(<0.  1 g 'cm^i  with  plate  makeup. 

12.0 

f»25-^>:iO 

-2.  S 

Droplets 

Drops 

0.  1-200 

0.  001 

5-10 

50-100 

Snow 

2.  1 

The  wide  spatial  variations  of 
cloud  droplst  concentrations  is 
noted.  Snow  particle  replicas 
look  similar  in  makeup  as  at 

15  k ft. 

11.2 

-0.  S 

Droplets 

-200 

5-10 

Snow 

2.  2 

•1 

Snow  melting  starts  at  this  level 
(l  ormvar  Foil  shows  first  rain 
at  about  11.5k  ft. 

11.0 

940 

-0.  s 

Droplets 

10-100 

5-10 

Snow 
it. tin 

l.s 

1.0 

•1 

0.  2-2.0 

Melting  is  evident  bv  decrease 
in  snow  concentration. 

10.  0 

''42-M47 

-0.  A 

Droplets 

10-200 

5-10 

Snow 

Main 

0.  1 

0-0.  5 

5-7 

0, 2-1.0 

II.Klon.  I'O.  5 to  1 km)  of  only 
ram.  only  mow,  ind  mixture, 
of  rain  and  .now  on  foil  rocordi. 

In  Doui)  rre)on.  between  1 ),  2 
ani)  10  k ft,  rain  reciona 
a.aociated  wltl)  eioud  retiona 
containing  )ii(her  concent  rations 
of  cloud  droplet!.  All  of  the 
•now  at  10  k appear!  wet. 

9fi2 

1.0 

Droplets 

10-200 

5-10 

Snow 

Main 

0 

0,  2-0.  5 

0,  2-1.0 

Fast  snow  sampled. 

6 

1000-1010 

G.O 

Droplets 

1--200 

5-10 

Klin 

-0.  1 

0.  2-1,0 

Sample  volume  of  about  Bl 
shows  maslmum  raindrop 
diameters  of  4.  0.  4.25,  and 

5,0  mm  in  concentrstlons  of 

0.  16.  0,0121.  and  0,0123  m*!'. 

2 

1021-102H 

ri,  0 

No  Data 

Rain 

0,  2-0.  1 

0.  2-S.  0 

Sample  volume  of  about  35 
shows  maiimum  raindrop 
diameter  of  4 mm  in  concen- 
tration of  about  0,  2 m*5. 

1 

1030 

IS.  0 

No  Data 

Mam 

-0.  2 

0.  2-4. 5 

Hun  over  l.AFNA. 

*l,»v»l  runii. 
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Table  l‘'2.  Foil  Data  for  Flight  of  2 February  1973 
Wallopa  laland 


Size  Kange 

(mm) 

Time:  1448-144gZ 
Vol  = 4.51  m3 

Cone 

(m  ) 

Time;  1450-1451Z 
Vol  = 4.755  m3 

Cone 

(m  ) 

Time:  1526-1S27Z 
Vol  = 4.  56  m3 

Cone 

(m"^) 

0.2  -l.O 

149 

143 

144 

1.0  -2.0 

57.0 

56.  8 

44.  3 

2.0  -3.0 

17.5 

18.  9 

11.6 

3.0  -3.25 

0.887 

2.  1 

0.439 

3.25-3.5 

0.444 

0.210 

0.439 

3.50-3.75 

0 

0.  631 

0 

3.75-4.0 

0.  222 

0.  631 

0.219 

4.0  -4.  25 

0.  222 

0 

0 

Table  F3.  Kaindrop  Sire  Diatribution  for  Storm  of  2 February  1973 


Diameter 

Sample  Vol. 
(m3) 

1 (mm) 

Counta 

Remarlca 

0.  2 to 

< 

1.0 

1006 

5.48 

Sample  at  6 k ft 

(.0  to 

< 

2.  0 

569 

5.4B 

2.  0 to 

3.0 

93 

5.48 

3.  0 

3.  25 

16 

12.  26 

3.  25 

• 

3.  50 

6 

12.  26 

3.  5 

. 

3.75 

6 

12.  26 

3.75 

. 

4.0 

13 

81.  0 

4.0 

- 

4.  25 

1 

81.0 

4.  25 

- 

4.  50 

0 

81.0 

4.  50 

- 

4.75 

0 

81.0 

4.75 

- 

5.0 

1 

81.0 

0.  2 t . 

1.0 

992 

6.0 

Sample  over  .)AFNA 

1.  0 to 

< 

2.  0 

230 

6.0 

2.  0 to 

< 

3.  0 

54 

6.0 

3.0 

• 

3.  25 

R 

6.0 

3.  25 

- 

3.  50 

3 

6.0 

3.  50 

- 

3.75 

2 

6.  0 

3.75 

- 

4.0 

5 

6.0 

4.0 

- 

4.  25 

1 

6.0 

17  6 


Table  F4.  Notea  of  Hydrometeor  Conditiona  During  Flight 
of  27  February 


14  k ft 

Lightly  rimed  particles  of  grauple  type. 

12  k ft 

Mainly  snow  flakes  up  to  3 mm  - some  grauple. 

descending 

Heavy  snow. 

9 k ft 

Heavy  large  snow  - some  rimed  particles 

descending 

Heavy  snow. 

6 k ft 

Large  snow  with  a few  particles  of  S mm. 

Some  pockets  of  light  concentration. 

descending 

Melting  apparent  • grauple  type  particles 
more  dense  - some  water  drops  of  1 mm 
diameter  or  leas  • snow  crystals  mainly 

2 to  3 mm  and  aggregates  of  up  to  5 mm 

5 k ft 

About  8S  percent  rain  with  still  some  "core" 
to  rain  drops  • maximum  size  of  1.  f>  mm. 

Some  pockets  of  wet  snow  of  5 mm  with 
little  rain. 

descending 

About  95  percent  rain  - maiority  of 
maximum  size  drops  are  1.  5 mm.  few 
up  to  2.  5 mm 

3 k ft 

Rain  with  drops  up  to  3 mm 

Table  F5.  Summary  of  Continuous  Cloud  Particle  Replicator  Data  CMiaervations 
for  Storm  of  27  February  lf»73 


Time 

(Z) 

Alt. 

(xlO^  ft) 

Temp. 

(CM 

Ice 

(cone) 

.l-\V  LWC. 
(g/m^) 

Remarks 

1052-30 

21.  8 

-31.5 

1.47 

0 - 0.3 

Ice  < 200  4m,  droplets 
present  in  regions  of 
about  1.0  to  3 km.  Ice 
particles  are  partly 
rimed.  Ice  particles 
composed  of  plate- like 
“rer*gMes. 

1054:00 

21.0 

-29.0 

2.  34 

0 - 0.2 

Ice  <400  4m.  Droplets 
present  in  localized 
regions.  Some  ice 
particles  are  heavily 
rimed. 

1056:00 

20.0 

-27.0 

14. 1 

0 

No  LWC  evident. 

Particles  larger  than  at 
higher  levels.  Breakup 
of  ice  makes  it  difficult 
to  assess  sizes.  Ice 
cone,  can  be  higher  by 

20  percent  in  regions. 

1059:00 

18.  0 

-22.5 

12. 1 

0 

No  LWC  evident. 
Description  of  ice 
similar  to  20  k ft 
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Tabu  K5.  Summary  of  Continuous  Cloud  Particle  Replicator  Data  Observations 
for  Storm  of  27  February  1973  (Conti 


Time 

(Z) 

Alt. 

(*103  ftl 

Temp. 

(CM 

Ice 

(cone) 

.l-W  LWO 

Remarks 

1102:00 

15.0 

-15.0 

4.83 

0 - 0.2 

No  I.W(’  evident.  Ice 
particles  composed  of 
plate-like  crystals  with 
broad  branches  and 
aggreiiates  w'.thin  thin 
simple  plates. 

I107:4!> 

13.0 

-11.5 

2.40 

0.  1 - 0.  3 

l.WC  present  throughout. 
Droplets  appearing 
regularly  starting  at 
about  13. 5 k ft.  Snow 
particles  >3  mm  evident 
in  sample  run. 

>1108 

<12.0 

Formvar  replicator 
malfunctioning. 

No  Data. 

Table  F6.  Foil  Data  Summary  for  Storm  of  27  February  1973 


Alt 

(xlO^ftl 

Remarks 

iB 

Particles  < 200  urn  in  dia  if  any. 

Particles  <200  /jm  in  dia  if  any. 

20.0 

Snow  crystals  up  to  1 to  1. 5 /im  dia.  Particle  density  too  high 
to  determine  concentration. 

18.0 

Particle  concentration  too  high  to  determine  sire  and  concentrations. 

15  k 

No  data. 

14.4  k 

Definite  indications  of  snow’  to  3 mm. 

13  k 

Mode  sire  =1.5  mm  snow 

Maximum  size  = 3.  Smnisnow 

Concentration  = 100  m*^ 

12  k 

Mode  =1.5  mm 

Maximum  sire  = 3. 5 to  4.  0 nim 

Concentration  = 280  - 550  m^ 

Snow  too  Urge  and  heavy  to  determine  concentration. 

First  indications  of  complete  melting. 

Mixtures  of  rain  (dia  < 1 mm)  and  wet  snow.  See  distribution  data. 

Last  melting  snow. 

See  rain  distribution. 

<3  k 

No  data. 
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Table  FI.  Foil  Data  SIct-Diatribution  Summary  for  Storm 
on  27  February  1073,  Wallopa  laland 


Level  Run  at  3 k ft 

Leneth  of  Run  (73.  3 m/aec)  (160  aec) 

Rain 

Dia.  Range 

.Sample  Vol. 

Cone. 

(mml 

Counts 

(m3) 

(m-3) 

0.  18  to  “51.  0 

97.5 

4.435 

220 

>1.0  to<2.0 

160 

4.435 

36.2 

2.0  to  <3.0 

49 

8.  87 

5.52 

3.0  to  3.25 

7 

17.05 

0.411 

3.  25  to  3.50 

0 

17.05 

<0.06 

Descent  from  5 k to  3 k ft 

Length  of  Run  (84.4  m/aec)  (158  aec) 

Rain 

Dia.  Range 

Sample  Vol. 

Cone. 

(mm) 

Counts 

(m3) 

(m-3) 

0.  18  to  ?1.0 

4870 

19.6 

248 

1.0  to<2.0 

435 

19.6 

22.2 

2.0  to  2.25 

10 

19.6 

0.510 

2.  25  to  2.50 

6 

19.6 

0.  306 

2.  50  to  2.75 

2 

19.6 

0.  1275 

2.75to  3.0 

1 

19.6 

0.  05 

>3.0 

0 

19.6 

<0.  05 

Level  Run  at  5 k ft 

Length  of  Run  ( 170  sec) 

73. 8 m/sec) 

Mixture  Rain  and  tee 

Rain  • Maximum  Diameter  1 mm 

Dia.  Range 

Cone. 

Sample  Vol 

(mm) 

(m-3) 

(m3) 

Snow  to  1.0 

10.4 

18.  2 

0. 5 to  8.  5 

83.5 

18.  2 
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Table  F8.  Additional  Foil  Data  for  Storm  on  27  February  1973 


Time 

(Z) 

Alt 

(k  ft) 

Cone  (m'^ 
0-1  1-2 

) in  Diameter  (mm)  Range 

2-3  3-4  4-5  5-6 

Particle  Type 

nil 

12 

303 

42 

2 

1 

Snow  Crystals 

1113 

12 

579 

24 

6 

10 

2 

Snow  Crystals 

1122:30 

9 

498 

42 

76 

13 

7 1 

Aggregate  Snow 

1136:30 

5.9 

335 

9 

0.257 

Rain 

-- 

19.5 

3.08 

0.  257 

Wet  Snow 

1137:30 

252 

45.  9 

4.58 

0.  834 

Rain 
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MuMcn  AT  roA  or  UK  maphs  AMC  tm£  numkaot 

OCCUMKNCCS  OF  2 UCOMD  AVtMAOCO  MEASUMEMCNTS 


Figure  FI,  Frequency  Distribution  of  Cloud 
Liquid -Water- Content  for  Five  Different 
Flight  Altitudes  in  Storm  of  2 February  197  3 
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CONCCm* 


10  km 


Figure  F2.  Spatial  Variations  of  Raindrop 
Sise- Distributions  in  Descent  From  5 to 
3 kft  During  Storm  on  27  February  1973 
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Appendix  G 


Stimmary  and  "Bnt  Eitinwta"  Informatioii  about  tha 
Spactral  Distribution  and  Total  Valuai  of  tha  Numbar 
Coneantration  and  Liquid-Watar-Contant  of  tha 
Hydromataors  along  tha  Miiailo  Traiactoriai 


Approximate  information  about  the  spectral  distribution  and  tidal  values  of  the 
number  concentration  and  llquid-water-content  of  the  hydrometeors  along  the 
missile  trajectories  for  the  storms  of  the  1972-73  SAMS  season  is  presented  in 
Tables  (12  throuch  CiS.  The  information  is  supplied  for  the  particular  diameter 
classes  (equivalent -melted -<liameter,  in  the  case  of  ice  hydrometeors)  which  are 
specified  in  Table  c:l. 

The  information  in  Tables  G2  through  ('.5  is  based  on  theoretical  models  that 
were  briefly  described  in  R No.  3.  Three  models  were  used  which  were  descrip- 
tive: (1)  of  the  cloud  size  range  of  the  hydrometeors,  (2)  of  the  precipitation  size 
range  of  the  hydrometeors,  and  (3)  of  the  two  types  of  hydrometeors,  fully-melted- 
liquld-drops  and  water -coated -snow -particles,  that  occur  within  the  melting  zones 
of  the  storms.  Since  independent  models  were  used  for  the  cloud -size  portion  of 
the  spectrum  and  for  the  precipitation-size  portion,  there  are  spectral  discontin- 
uities that  occur  across  the  separation  boundary  (at  79.  4 , or  0.  0794  mm)  between 

the  Iwo  size  ranges. 

The  reasons  for  the  selection  of  the  SAMS  diameter  classes  indicated  in  Table 
G1  were  explained  in  R No.  3 and  the  equations  were  presented  that  describe  the 
geometric-mean-diameter  of  the  classes  (that  is,  the  diameter  values  of  the  column 
headings  of  Tables  G2  through  G5), 
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The  (ietails  of  the  niatheniatiral  development  of  the  "precipitation  nioflel"  uaed 
in  the  SAMS  tablea  are  deacribed  and  illustrated  in  the  last  section  of  this  Appendix. 
The  details  of  the  "cloud  motiel"  and  the  "model  for  the  melting  7rne"  will  be  pre- 
sented in  subsequent  reports  of  the  SAMS  series. 


(;i.  IIISCKIPriON  OK  TAIILKS  G2  TIIKOLIGII  05 

The  missile  altitude  is  indicated  in  the  first  column  of  each  of  the  Tables  02 
through  i:5.  The  altitudes  are  listed  for  each  250  meters  from  the  grounci  surface 
to  the  top  altitude  of  the  storm  of  the  particular  days  (including  the  overlying  cirrus 
layer  above  the  top,  for  the  storm  of  27  February  IdV.'l),  Size -distribution  and 
liquid-water-content  information  is  presented  in  the  next  sections  of  the  table(s>, 
first,  for  the  cloud-size  range  of  the  spectrum,  ami  second,  for  the  precipitation- 
size  range  of  the  spectrum.  Summary  information  about  the  cloud  populations,  and 
about  the  precipitation  populations,  is  provide<l  in  the  following  two  sections  of  the 
tables.  The  total  liquid-water-content,  of  the  liquid-ilrops  and  water-coated  ice,  of 
precipitation  size,  within  the  melting  zone,  is  indicated  in  the  next  to  the  last  col- 
umn of  the  tables.  The  grand  total  of  the  liquid-water-content,  for  all  types  of 
hydrometeors,  of  both  the  cloud-size  and  precipitation  size,  is  listed  in  the  last 
columns  of  the  tablea. 

The  numbers  above  the  diagonal  lines,  in  the  table  sections  concerned  with  the 
spectral  distribution  of  the  hydrometeors,  give  the  number  concentration  of  the 
drops  or  ice  particles  within  the  particular  diameter  classes  identified  in  Table  01. 

For  the  cloud-size  portion  of  the  spectrum,  the  number  concentrations  (N  ) are  listed 

-3  ^ 

in  units  of  No.  cm  ; for  the  precipitation-size  portion,  they  are  listed  in  units  of 

-3 

No.  m . The  reasons  for  the  different  units  were  explained  in  H No,  3 

The  numbers  below  the  diagonal  lines,  in  the  first  two  sections  of  the  tables, 
indicate  the  class  contributions  of  the  contained  hydrometeors  to  the  total  liquid- 
water-content  of  the  cloud  populations  (first  section  tabulations)  or  to  the  total 
liquid-water-content  of  the  precipitation  (size)  populations  (second  section  tabula- 

_3 

tlons).  The  class  contributions  are  listed  in  units  of  gm  m . Any  contribution 

_3 

smaller  than  0.001  gm  m is  listed  as  zero,  in  accord  with  the  agreement  of  the 
SAMS-ABRES  Conference  at  AFCRL  on  7-8  March  1074. 

Two  types  of  precipitation -size  hydrometeors  exist  within  the  melting  zones  of 
the  Wallops  storms.  These  are  identified  in  Tables  G2  through  G5  as  fully-melted 
liquid  (symbolized  by  "W")  and  water -coated -ice  (symbolized  by  "l").  Number  con- 
centration and  class  liquid-water-content  information  is  supplied  for  both  of  these 
hydrometeor  types.  The  information  for  the  fully-melted-liquld,  or  raindrops,  is 
listed  in  the  first  lines;  information  concerning  the  water -coated-lce  is  listed  in 
the  second  lines. 
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Table  (II.  Diameter  Clasiea  Specified  for  SAMS 


Class 

Geometric  Mean- Diameter 

Number 

Class  Boundaries 

(See  Eqs.  G3  A G4) 

microns  mm 

microns  mm 

First 

Second 

Third 

Fourth 

Fifth 

Sixth 

Seventh 

Eighth 

Ninth 

Tenth 

Eleventh 

Twelfth 

Thirteenth 

Fourteenth 

Fifteenth 

Sixteenth 

Seventeenth 

Eighteenth 

Nineteenth 

Twentieth 

Twenty-first 


0.7^43 

1. 2S9 
1.995 
3.  162 
5.012 
7.  943 
12.59 
19.  95 
31.62 
50.  12 

79.43 

125.  9 
199.5 

316.2 

501.2 
794.  3 

1259 

1995 

3162 

5012 

7943 

12,590 


0. 0007943 
0. 001259 
0. 001995 
0. 003162 
0. 005012 
0. 007943 
0.01259 
0.01995 
0. 03162 
0. 05012 
0.07943  - 
0. 1259 
0. 1995 
0. 3162 
0.5012 

0.  7943 
1. 259 

1.  995 
3.  162 
5.012 
7.943 

12.59  


1.0 
1.  585 
2.512 
3.  981 
6.  309 
10.0 
15.  85 
25.  12 
39.  81 
63.09 
100.0 
158.5 

251.2 
398,  1 
630.9 
1000 
1585 
2512 
3981 
6309 
10.  000 


0.  001 
0. 001585 
0. 002512 
0. 003981 
0.006309 
0.01 
0. 01585 
0. 02512 
0.  03981 
0.  06309 
0.  1 

0,  1585 
0.2512 
0.3981 
0.6309 
I.O 
1.585 
2.512 
3.  981 
6.  309 
10.0 
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Precipitation  Size-Range Cloud  Size- Range 


Table  CJ2.  Summary  and  "Beat  Katlmate"  Information  About  the  Spectral  Distribution 
and  Total  Values  of  Hydrometeor  Number  Concentration  and  Mquld-Water-Cont^ent 
Along  the  Missile  Trajectory  of  Flight  No.  Q2-6360  (Unit  No.  R487  101)  of  2 hebruary 
1973,  Launched  at  1408:00  GMT  (See  text  for  description  of  tablet 
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I'ahlo  SuMiniarv  and  "Heat  lint  I mate"  Information  About  the  Spectral  Dlatrlbutlon 
anil  Total  \ aluea  of  Ilvdrometeor  Number  (.’onoentratlon  and  Liquid -Water -('ontent 
Aloni;  the  Mianlle  ITa.iectorv  of  I'llKlit  No.  ^2-6361  (Unit  No.  R487  102)  of  2 Kebruary 
I.aiinrhed  at  1408:30  CMT  (See  text  for  deacrlption  of  table) 
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'I'able  (r4.  Suniitiarv  ami  'Hent  I'lHtitiiatr"  Information  About  the  Spectral  DIatrlbutlon 
and  Total  Valuea  of  livcirometeor  Number  Concentration  anci  l.lquiil-Water-Content 
Aloni;  Ihe  Miaaile  Trajectory  of  l''li|>ht  No.  (^2-6362  (Unit  No.  H4B7  103)  of  27  Keb- 
i-uary  lfi73,  Launched  at  1040;00  CMT  (See  text  for  deHcrlption  of  table) 


191 


Table  (;5.  Sunini’iry  and  "Heat  Kattmate"  Information  About  the  Spectral  Ulatributlon 
and  Total  Valuea  of  Hydrometeor  Number  Concentration  and  Liquid-Water-Content 
Alont!  the  Miaaile  Trajectory  of  Flight  No.  Q2-6363  (Unit  No.  R4B7104)  of  27  Feb- 
ruary 1973,  Launched  at  I040;30  (IMT  (See  text  for  deacription  of  table) 


Summary  information  is  presented  in  the  tables  for  the  "cloud  populations" 
and  for  the  "precipitation  populations".  The  type  of  population  is  identified  in  the 
first  columns  of  these  sections.  The  total  number  of  drops  or  particles,  of  all 
sizes  within  the  populations,  is  listed  second.  The  total  liquid-water-content  con- 
tent is  listed  third.  It  sliotild  he  emphasized  that  this  total,  in  the  case  of  clouds, 
corresponds  to  the  aircraft- measured  value  for  the  particular  altitude,  and,  in  the 
case  of  precipitation,  the  total  corresponds  to  the  radar-measured  value  for  the 
particular  altitude  point  alon^  the  SAMS  missile  trajectory. 

Two  additional  parameters  are  also  listed  In  the  summary  sections  of  Tables 
(52  through  CiS.  These  are  the  median  volume  diameter  and  the  maximum 
diameter  The  maximum  diameter,  in  the  case  of  clouds,  is  always  79.4  /i, 

which  is  the  upper  truncation  boundary  of  the  cloud-sixe  portion  (or  "cloud  popu- 
lation portion"'  of  the  spectrum.  Tlie  maximum  diameter,  in  the  rase  of  precipi- 
tation, IS  based  on  several  assumptions  (data  supported,  in  part,  see  Sections  Ci2.  2 
and  G2.  4'  that  were  made  for  the  different  categories  of  precipitation,  that  is,  rain, 
snow,  and  Ice-crystals, 

As  mentioned  in  It  No.  S,  the  diameter  classes  (those  of  the  second  sections 
of  Tables  (i2  through  CS'  that  contain  the  precipitation-size  drops  or  particles  of 
the  1)^  size  must  be  interpreted  differently  than  the  other  table  classes  containing 
the  smaller  drops  or  particles.  The  particular  diameter  classes  containing  the 
drops  or  particles  of  the  size  are  only  "partially  filled"  with  hydrometeors 

is  smaller  than  the  upper-diameter  boundary  of  the  class)  and  the  geometric 
mean  diameters  listed  in  the  column  headings  of  Tables  02  through  05  do  not  pro- 
vide a measure  of  the  "average  size"  of  the  hydrometeors  within  these  classes.  An 
equation  specifying  the  geometric  mean  diameter  for  these  classes  was  presented 
in  R No.  3. 

It  was  assumed  for  the  storms  of  the  1972-73  season,  as  for  those  of  the  1971- 
72  season,  that  the  cloud  type  "nimbostratus”  (N^>  was  the  one  that  best  applied 
to  the  aircraft  measurements. 

The  precipitation  types  in  Tables  02  through  04  are  identified  by  symbols. 
These  conform  to  the  category-type  specifications  of  Table  2,  R No.  2.  Rain  is 
"R":  large-snow  is  "LS";  small-snow  is  "SS";  ice-crystals  are  "C".  The  sub- 
scripts on  these  symbols  identify  the  hydrometeor  type. 


The  cloud  liquid-water-content  values  for  the  storm  of  2 February  1973  correspond 
to  the  50th  percentile  values  of  the  JW  liquid- water- contents  measured  by  the  AFGL 
C-130A  aircraft,  as  shown  in  Figure  5 of  the  main  text.  The  cloud  liquid-water 
content  values  for  the  storm  of  27  February  1973  correspond  to  our  "best  trajectory 
estimates"  based  on  the  MRI,  Navajo  measurements  indicated  in  Tables  F5,  F7, 
and  F8,  of  Appendix  F.  The  precipitation  liquid-water-content  values  correspond 
to  the  profile  values  for  the  niissile  trajectories,  which  are  shown  in  Figures  1 
through  4 of  the  main  text. 


194 


"Totals  Information"  is  presented  in  the  last  two  columns  of  Tables  G2  through 
G5,  The  total  values  of  liquid-water-content,  in  the  precipitation  size-range,  in 
the  melting  zone,  are  listed  in  the  first  of  these  columns.  The  values  are  the  sum 
of  the  liquid-water- content  (contribution!  of  the  "fully-melted-drops"  (Wi  plus  that 
of  the  "water-coated-ice"  (1).  The  grand-total  values  of  the  last  columns  of  the 
tables  are  the  sum  of  the  liquid-water-content  (contribution!  of  the  cloud-size 
hydrometeors  plus  that  of  the  precipitation-size  hydrometeors. 

The  equations,  for  the  case  of  ice  hydrometeors,  specifying  the  relations 
between  the  equivalent-melted-diameter  and  the  approximate,  average  physical 
dimensions  of  the  particles  were  stated  in  R No.  3.  These  same  relationships 
pertain  to  the  tabulation  herein. 


G2.  THK  .SAMS  PRECIPITATION  MODEL 
02.1  Theory 

The  development  of  the  distribution  model  for  single-phase  (pure  water  or 

pure  ice!  hydrometeors  of  precipitation  size  parallels  the  development  described 

in  Section  7 of  R No.  2.  However,  whereas  the  equations  of  this  cited  report  were 

non-truncated,  with  integration  being  accomplished  between  the  diameter  limits 

zero  to  infinity,  the  equations  to  be  described  herein  are  "double  truncated"  and 

the  integration  is  performed  between  the  specific  diameters  D = d,  where  d is  a 

"minimum  diameter  size"  of  the  hvdrometeors,  and  D = D_,  where  D_  is  a 

m m 

"maximum  diameter  size"  of  the  hydrometeors.  For  ice  hydrometeors,  that  is, 
snow  and  ice-crystals,  it  is  presumed  that  the  diameters  of  discussion  are  the 
"equivalent-melted-dlamcters". 

As  mentioned  in  R No.  2,  it  has  been  demonstrated  by  Marshall  and  Palmer, 

15  19  20  21 

Marshall  and  Gunn,  Imai  et  al,  and  numerous  others,  ’ ’ ’ that  the  size 

distribution  properties  of  raindrops,  snowflakes,  and  ice-crystals  of  precipitable 
size  can  be  reasonably  described  by  a distribution  function  of  exponential  type. 

This  distribution  function  specifies  that  the  number  concentration  of  the  hydrometeor 
particles  will  decrease  with  increasing  diameter  (or  equivalent-melted-diameter! 
in  the  manner 

N=N  e'^  ° , No.  m*^  mm'*  , (d<D*D  !,  (Cl! 

o m 

19.  Marshall,  .I.S.,  and  Palmer,  W.  McK.  (1948!  The  distribution  of  raindrops 

with  size,  .1.  Meteorol.  165-166 

20.  Marshall,  .T.S, , and  Gunn,  K.I.S.  (1952)  Measurement  of  snow  parameters 

by  radar,  .1.  Meteorol.  ^322. 

21.  Imai,  I.,  Fujiwara,  M.,  Ichimura,  I.,  and  Toyama,  Y.  ( 1955!  Radar  reflec- 

tivity of  failing  snow.  Pap,  in  Meteorol.  and  Geophys.  (.lapan!^:130-139. 
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r 


where  and  A have  particular  values  dependent  on  the  category  and  type  of  the 

hydrometeors  being  considered.  The  equation,  as  applied  herein,  is  presumed  to 

be  descriptive  only  between  the  truncation  limits  D = d (a  minimum  diameter)  and 

D = D (a  maximum  diameter), 
m 

The  total  number  of  hydrometeora  in  such  population  is 


D 


m 


/ N dD  No. 


-3 


<G2) 


Nr  , 

N.J,  = No.  m'-*  , 


where  r^  is  a "truncation  ratio",  specified  by 
D 

m 

f N dD 
•^d 


/ N dD 
•^0 


<G3) 


(G4) 


which,  from  Kq.  (Gl)  becomes 


Tn  = e 


•dA  ^ rn 


(G5) 


Values  of  computed  from  this  equation  are  shown  plotted  in  Figure  GI,  for 

dA  values  between  0 and  3 and  D_A  values  between  0 and  30.  Two  sets  of  scales  are 

m 

shown  in  the  figure.  The  dA  and  D_A  scales  are  the  inner  ones;  the  others  will  be 

m 

discussed  later. 

The  liquid-water-content  of  the  hvdrometeor  populations  described  by  Rq.  (G’.) 
is  distributed  with  diameter  as  a function  of  the  third  moment  of  Rq.  (G1>,  or  as 

M,-=ixI0"'^p  N 1)^  e'^  gm  m*^  mm"'.  (d<D*D  I.  (G6) 

1/  o w o m 

-3 

where  is  the  density  of  liquid-water,  in  gm  cm  ‘ . 

The  total  liquid -water- content  of  the  population  is 
D 

m 

M = I M,-  dD  , 

•^d 


l‘t6 


(G7) 


1/p 
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Figure  01.  Vnlues  of  the  Truncation  Ratio  for  I’.Trticle  Number  Concentration  as 

a Function  of  d.‘.  and  H ' 
m 


which,  from  Kq.  <Ci6i  on  performance  of  the  integration,  yields 


X 10  p N r(4)  r. , « 

, , 'wo  M 

M s ■ gm  m , 


where  r(4)  is  the  gamma  function  of  4 and  r^^  is  a truncation  ratio  for  liquid- water 
content  given  by 
D 

m 

J dD 

d “ 


'’m  “ “ 


or,  from  Eq.  (6), 


‘‘m  * I®'**'  ®] 

- e r(t)_A  + 3{D_A  ♦ 6D_A  + e]  I . 


•/o 


Value!  of  computed  from  this  equation  are  shown  in  Figure  G2.  for  the 
same  ranges  of  dA  and  D^A  previously  cited  for  Figure  Gl. 


0»/0'— • 

Figure  G2.  Values  of  the  Truncation  Ratio  for  Distributed  IJquid-Water-Content 

as  a Function  of  dA  and  D_A 

m 


The  distributed  values  of  the  radar  reflectivity  factor  for  the  hydrometeor 
populations  described  by  Eq.  <G  1 ) are  specified  by 

Zp  = Ng  D®  e’*  mm®  m"^  mm's^(d?D^  D^>  . (Gil) 

The  total  value  of  the  radar  reflectivity  factor,  for  the  entire  population  of 
hydrometeors,  is 


ZpdD, 


(G12) 


The  radar  reflectivity  factor  was  discussed  in  R No.  1 and  equations  of  definition 
(Eqs.  (56)  and  (63)]  were  presented  for  water  and  ice  hydrometeors.  The  different 
methods  of  evaluating  the  radar  reflectivity  factor  were  explained  in  R No.  2,  in 
Section  3. 1. 
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or,  from  Eq.  (Gil)  on  integration. 


N r(7)  r^  g 
7.  ■ mm  m , 


(G 1 31 


where  r(7>  is  the  gamma  function  of  7 and  r^  is  the  truncation  ratio  for  the  radar 
reflectivity  factor  as  defined  by 
n 


d 


(G14) 


I , du 
0 ' 


which,  from  Eq.  (11)  becomes 

rj,  = je**^'  [(d.M®  + 8(dA)'’  4 30(dA)^  4 120(dA)^  4 360(dA)2  ♦ 720  dA  + 72oj 

f(l)  A)®  4 6(li  A)'‘'  4 30(U  A)^  4 120(0  "1^  4 360(0  A)^ 

L m m m m m 

(r»15» 


■D  A 
m 


4 720(1)  ')  4 72ol  I . 
m J 


Values  of  r.y  computed  from  this  equation  are  shown  in  Figure  G3. 

The  slope  parameter  A may  be  eliminated  between  Eqs.  (G8)  and  (G13)  to 
obtain 


N = 


6 X 10  ? 


° irr(4)p 


, 4/3 

jj3  rex  10'’  r(7»  Py  m' 

flVI  ^ P *’»! 
w ML  w M J 


(016) 


which,  from  knowledce  that  = 1.0  gm  cm  ',  r(4)  = 6 and  r(7)  = 720,  simplifies 
to 


N = 4.46  X 10' 
o 


•3  -1 

m mm 


(G17) 


Alternately,  the  p.irameter  may  be  eliminated  between  Eqs.  (G8)  and  (G13) 
with  the  result,  after  the  evaluation  of  p^,  r(4)  and  r(7). 


M r.,  vl/3 


A = 61 


•’p) 


mm 


•1 


(018) 
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Figure  G3.  Values  of  the  Truncation  Ratio  for  Distributed  Radar- Reflectivity 

Factor  as  a Function  of  d*  and  D_A 

m 
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and 


A = 6 1 . 2 0 K 


M 


M 


(G22) 


where 


The  reader  will  note  that  the  fciqs.  (G201  and  (G221  for  double  truncated  spectra, 
differ  from  the  equations  for  non-truncated  spectra  (Kqs.  (76)  and  (77)  of  R No,  2) 
only  in  that  the  truncation  parameters,  \t/  and  0.  appear  in  the  former  equations, 
whereas,  in  the  latter,  they  do  not  (they  have  the  value  unity  for  no  truncation). 

Values  of  the  truncation  parameter,  computed  from  Kqs.  (GIO),  (GIS),  and 
(G21)  are  shown  plotted  in  FiKure  G4.  Values  of  the  parameter.  0.  computed  from 
Kqs.  (GIO),  (Gt5),  and  (G23)  are  shown  in  Figure  GS.  The  coordinate  scales  and 
ranges  are  as  described  previously  for  the  other  figures. 

Kquations  (GIO),  (GIA),  and  (G20)  through  (G23)  permit  the  evaluation  of  N 
and  A for  any  category  and  type  of  hydrometeor  distribution  for  which  the  values  of 
and  have  heenpmpiricallyestablished  and  for  which  the  lower  and  upper 
truncation  diameters,  d and  1)^,  can  be  specified.  The  SAMS  assumptions  regard- 
ing these  truncation  diameters  and  the  methods  of  evaluating  and  A will  be  ex- 
plained presently,  following  the  discussion  of  the  model  and  mHlan  diameters. 

As  noted  in  R No.  2,  the  "modal  diameters"  of  the  M|j  and  distributions 
are  "characteristic  parameters"  of  the  hydrometeor  populations.  These  diameters, 
which  specify  the  peak  value  points  of  liquid-water-content  and  radar  reflectivity 
factor,  are  given  respectively  by 


D'  = 3/ A 


(G24) 


and 


Dy  = 6/a  . 


(G2S) 


These  truncation  diameters  may  be  instrumentally  dictated  [because  a particular 
instrument  can  only  obtain  measurements  over  a restricted  range  of  particle 
diameters  (equivalent-melted-diameters)]  or  they  may  be  "physical  diameters" 
which  reflect  the  actual  atmospheric  composition  of  the  given  hydrometeor  spectra. 
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Figure  C!4.  \ nliies  of  the  Truncation  Parameter,  i//,  as  a Function  of  d*  and 

These  equations  are  obtained  from  the  differentiation  of  F.qs.  ((iB'  and  (CIll), 
solving  for  the  diameter  values  of  maximum  Mjj  and  /.^y  The  equations  are  iden- 
tical to  those  for  a non-truncated  distribution  «see  Kqs,  (B2'  and  (B3)  of  It  No.  21. 

It  was  also  noted  in  this  cited  report  that  the  "median  volume  diameter",  I)^, 
of  the  hydrometeor  population  is  a parameter  of  common,  conventional,  cloud- 
phvsics  interest.  The  median  volume  diameter  is  the  particular  diameter  (valuel 
that  separates  the  liquid-water-content,  of  the  M|j  distribution,  into  two  equal  parts, 
half  of  which  is  contained  in  drops  or  particles  having  diameters  (equivalent-melted- 
diameters*  smaller  than  the  other  half  being  contained  in  drops  or  particles 
having  diameters  larger  than  I)^. 


The  equations  are  identical  but  the  values  of  the  modal  diameters  for  truncated  vs 
non-truncated  distributions  will  differ,  since  the  values  of  will  differ. 
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Oni/O-* 

Figure  G5.  V alues  of  the  Truncation  Parameter,  0,  as  a Function  of  d'  and  * 


Thus,  for  a double-truncated  hydrometeor- spectrum  of  exponential  type,  the 
median  volume  diameter  satisfies  the  integral  relationship 


f M„dD=  ( M,,dlt,  (G26) 

'd  ” U 

o 


which,  if  the  integration  is  performed,  using  Rq.  (G6),  and  if  all  " terms  are  in- 
cluded on  the  right,  yields 


1 ^ 

(D  A)^ 

. o 

4 3(L)  Al^  4 6D  A 4 6 
0 0 J 

(d.M^  4 3(dA)^  4 6dA  4 6 

4 e ^ [(D  A)^  4 3(D  A)^  4 6D  A 4 e] 

L m m m J 

(G27' 


It  can  be  seen  that  L)^  in  the  above  equation  is  a "non-separable  variable  ",  since 
it  appears  on  the  left  side  of  the  equation  and  also  appears  in  the  D^A  terms  in  the 
numerator  on  the  right.  The  equation  cannot  be  solved  analvtically  for  D^,  however, 
it  can  be  solved  by  trial  and  error  methods  (once  truncation  assumptions  about  d 
and  I)  have  been  made,  see  Sections  G2.  2 and  G2. 41.  Particular  non-climensionalized 
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plot!  of  the  parameter  are  ahown  In  KiRure  06,  plotted  va  the  coordinate!  of 
dA  and  The  iaolinea  of  thia  figure  are  alao  specified  in  valuea  of 

which  demonstrate!  the  non-dimenalonal  relationships  between  the  median  and 
modal  diameters  of  the  liquid*water*content  distributions.  The  slope  parameter, 
A,  is  related  to  I)'  as  stated  in  Kq.  (024*. 


0 5 10 

Om/O'— • 

Fiffure  C'i6.  N'alues  of  IJ  'O'  as  a Function  of  d.'  and  D •' 

® o m 


With  regard  to  the  d.’.  and  D^A  coordinates  of  Figures  G1  through  06.  these 

coordinates  are  readilv  converted  into  equivalent  coordinates  of  d D and  D_/D  . 

Such  conversion,  as  shown  accomplished  on  the  outer  scales  of  the  figure  diagrams, 

better  illustrates  the  true  nature  of  the  truncation  situation  (In  terms  of  diameter 

ratios,  rather  then  coordinates  involving  the  slope  parameter,  Thus,  the  outer 

ordinate  scale  of  each  of  the  figures  is  scaled  in  units  of  d/D',  which  is  the  ratio 

of  the  lower  truncation  diameter  to  the  modal  diameter,  and  the  outer  abscissa 

scale  of  each  of  the  figures  is  scaled  in  units  of  U /L)',  which  is  the  ratio  of  the 

m 

upper  truncation  diameter  to  the  modal  diameter. 

These  figures  demonstrate  that  the  mathematics  of  truncation  for  the  distribu- 
tion Eqs.  (Gl),  (06),  and  (Gil)  is  relatively  simple  and  straightforward  when 
formulated  in  terms  of  the  non-dimensional  ratios  of  d/D'  and  D /D',  that  is. 
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when  formulated  in  terma  of  ratio*  involving  the  modal  diameter,  I)'.  This  i* 

because  the  modal  diameter  doe*  not  depend  on  the  truncation  parameter*  but  ii  a 

simple  function  of  ‘ onlv,  see  Kn,  (c:24i.  The  method  of  formulation  alRO  permits 

truncation  in  terms  of  the  absolute  values  of  d and  although  this  is  not 

m 

specifically  demonstrated  herein. 

It  might  be  noted  that  the  mathematics  of  truncation  is  considerably  compli- 
cated if  problem  formulation  is  attempted  in  terms  of  the  median  volume  diameter, 

IJ  , rather  than  the  mode.  Such  formulation  has  been  reported  bv  Sekhon  and 
o 22 

Srivastavn  (also  I'niversitv  of  Chicago  manuscript  reportl.  The  added  complex- 
ity stems  baslcallv  from  having  to  consider  Cq.  ((',271,  in  specifying  the  truncation 
limits,  rather  than  the  much  simpler  Kq.  ((i24l.  (In  this  regard,  the  reader  is  fore- 
warned that  the  nomogram  of  I-  igure  (16  pertains  strictly  to  truncation  in  terms  of 
'IJ,  or  IJ/IJ'.  The  nomogram  cannot  be  used  in  any  reverse  manner  to  "reason 

about",  or  infer,  situations  of  U truncation.  The  analogous  nomogram  for  U 

o o 

truncation  is  presented  in  f igure  (IT:  it  is  presented  for  information  only  and  will 
not  be  discussed.  A comparison  of  the  nomograms  reveals  important  differences 
in  the  two  methods  of  truncation.  I 


<12.2  TmnraliiHi  \MUMi|SiiHi*  Ilf  ikr  Mudrl 

The  particular  truncation  assumptions  used  in  the  SAMS  precipitation  model 
were  the  following: 

l or  the  lower  truncation  diameter,  it  was  commonly  assumed  for  all  hydro- 
meteor  categories  and  types  that 

d - 0.07947  mm  . (G28) 


This  is  the  lower  boundary  of  the  eleventh  SAMS  class  specified  in  Table  G1 
which  is  the  approximate  separation  diameter  that  is  commonly  and  conventionally 
assumed  to  distinguish  the  cloud-size  portion  of  hvdrometeor  spectra  from  the 
precipitation-size  portion.  The  distinction  is  physically  real  for  water  clouds 
in  contrast  to  precipitaiion,  since  water  clouds  can  exist  without  the  also 


There  is  one  difficulty  that  can  conceivably  arise  with  problem  formulation  in  terms 
of  the  mode.  With  very  severe  truncation,  of  either  the  lower  or  upper  diameter 
limits,  it  is  possible  to  have  a "fictitious  mode"  which  lies  outside  the  diameter 
range  of  the  truncation.  This  is  mathematically  possible  under  circumstances  in 
which  d>  3/'  , Jthat  is,  d ^ I)',  see  Eq.  (G241]  or  in  which  IJ_ < Mh  (that  is. 


can  occur,  as,  for 


wiii^ii  M ''  ivg  f ow  I.*!!*  ui  ill  wiiivil 

IJ'l.  Such  circumstances  are  not  physically  common  but 
example,  in  the  case  of  heavy  rain  with  the  maximum  drop  size  limited  to  the 
breakup  size  for  raindrops,  see  the  fourth  example  of  Table  G6,  for  truncated 
solutions. 


22.  Sekhon,  R.S,,  and  Srivastava,  R.C.  ( 19701  Snow  size  spectra  and  radar 
reflectivity,  .1.  Atmos.  Sci.  j^:299-307. 


Ii 


1 
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Figure  G7.  Values  of  Dq/U'  as  a Function  of  d/Do  and  D^^/Dg  (based  on  the 
equations  and  assumptions  of  Sekhon  and  Srivastava),  The  nomogram  illus- 
trates the  situation  of  double  truncation  in  terms  of  the  median  volume 
diameter.  Dq.  which  differs  appreciably  from  truncation  in  terms  of  the 
modal  diameter,  I)'  (as  used  for  the  SAMS  precipitation  model  and  as 
illustrated  in  Figure  GO 


presence  of  water  drops  (or  ice  or  snow  particles)  of  precipitation  size,  and  vice 
versa.  The  distinction  is  less  clear,  however,  regarding  the  spectrum  separability 
of  cloud  size  ice  crystals  from  the  larger-size  ice  or  snow  particles  of  precipit- 
able  size.  The  two  size  ranges  might  be  clearly  demarked  in  observed  distributions 
(by  bi-modal  characteristics)  but  it  is  also  possible  that  the  spectra  might  be  more  or 
less  continuous  across  both  size  ranges.  We  do  not  know,  at  the  moment.  Con- 
tinued acquisition  of  aircraft  data  under  the  SAMS  program  should  shed  considerable 
light  on  this  matter. 

With  regard  to  the  upper  truncation  diameter,  it  was  assumed,  for  large-snow, 
small-snow  and  ice-crystals,  that  this  would  be  specified,  in  the  model,  by  the 
relationship 

D A =15,0,  (G29) 

m 

where  is  the  maximum  equivalent-melted-diameter  of  the  hydrometeor  particles 
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of  the  populations  and  A is  the  "slope  parameter"  of  the  basic  distribution  function 
of  Eq.  (Gl).  This  same  relationship,  specif.ed  in  terms  of  the  modal  diameter, 
through  use  of  Eq.  (G24)  is 

D_/D'=5.0.  (G30) 

m 

At  the  time  of  the  first  formulation  of  the  model,  this  upper  truncation  assump- 
tion for  snow  and  ice  crystals  was  not  supported  by  direct  data  results.  Rather, 
the  assumption  was  made  on  the  basis  that,  for  the  d value  of  Eq.  (G28)  and  for 
most  distributions  of  average  liquid- water- content,  it  would  provide  a truncation 
ratio  fo."  liquid-water-content  in  the  range 

0.70  « rj^  s 0.  099  . (G31) 

see  Eq.  (GIO)  and  Figure  G2,  and  a truncation  ratio  for  radar  reflectivity  factor  in 
the  range 

0.  95  s Ty  s 0.  990  , (G32) 

see  Eq.  (G15)  and  Figure  G3.  These  ranges  were  regarded  as  reasonable  first 
approximations  for  snow  and  ice  hjdrometeors.  (Subst!quePtl>,  l)*om  th-.  ‘'A?/.  -3 
data,  we  have  had  an  opportunity  to  check  the  i.o  sumption,  see  later  commenla. ) 

The  upper  truncation  assumption  for  rain  was  base  l on  disdrometer  data  which 
revealed  that,  for  rain  having  drop  sizes  smaller  than  the  "breakup  size"  ('■  5 mm), 
the  maximum  drop  sizes  generally  adhered  to  the  relationship 

D /D'=2. 5,  (G33) 

m 

or 

□mA  = 7.  5 , (G34) 

from  Eq.  (G24),  where  the  D and  D'  values  were  measured  from  the  disdrometer 

m 

samples. 

The  values  of  the  model  were  never  permitted  to  exceed  the  raindrop 
breakup  size.  In  other  words,  a stipulation  was  placed  on  the  assumption  of  Eq. 
(G33)  that,  in  no  event  (under  no  combination  of  A and  liquid-water-content  values), 
would  be  permitted  to  exceed 

D =5.0  mm  . (G35) 

m 
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(12.3  l-lqualion-Sel  Solutii>n«  and  hlxampln 

It  will  be  informative,  at  this  point,  to  tell  how  the  equations  of  the  precipita- 
tion model  were  solved  for  SAMS  purposes,  also  to  provide  several  examples  of 
particular  solutions  that  will  demonstrate  how  the  truncated  equations  differ  from 
the  non-truncated  equations. 

The  first  step  in  the  solution  of  the  equation  set  for  any  given  hydrometeor 

tyt-e  and  liquid-water-content  is  the  determination  of  the  values  of  rj^.  r^.  and  A, 

from  a trial  and  error  solution  of  the  equation  subset  (GIO).  (G15).  (G22).  and  (G23) 

using  the  truncation  assumptions  just  discussed.  With  this  knowledge,  the  values 

of  rjj.  N^.  N.p,  and  Z can  be  computed  from  Eqs.  (G5).  (G21),  (GIO).  (G3).  and 

(G13)  in  sequence.  The  modal  diameters.  D'  and  D^.  can  then  be  established  from 

Eqs.  (G24)  and  (G25)  and  the  maximum  diameter.  D . can  be  assessed  from  Eqs. 

m 

(G29),  (G34).  or  (G35)  whichever  is  appropriate  for  the  given  hydrometeor  type. 
Additionally,  the  median  volume  diameter.  D^.  can  be  computed  from  a trial  and 
error  solution  of  Eq.  (G27). 

Actually,  in  our  evaluations  for  the  SAMS  missile  trajectories,  the  Z values 
(at  the  various  altitude  points).  fromEq.  (G13),  are  held  identical  to  the  radar- 
measured  values  (except  for  computational  "round  off"  errors).  The  trajectory 
M values  are  given,  of  course,  by  the  particular  M vs  Z relationships  that  pertain 
to  the  different  hydrometeor  types. 

The  constants  and  exponents  of  the  distribution  equations.  Eqs.  (Gl),  (G6).  and 
(Gil)  (for  number- concentration,  liquid-water-content,  and  radar  reflectivity 
factor)  are  also  known  and  these  can  be  integrated  over  the  SAMS  class  intervals 
which,  in  Table  Gl,  are  indicated  as  pertaining  to  the  precipitation  size-range  of 
the  hydrometeors.  The  details  of  this  "class  interval  integration"  will  not  be  dis- 
cussed herein. 

Specific  solution-examples  of  the  double  truncated  equations  are  presented  in 
the  upper  portion  of  Table  G6,  For  comparison,  the  solutions  of  the  non-truncated 
equations  are  shown  in  the  lower  portion  of  the  table.  The  example  of  the  first 
lines  of  the  table  shows  the  solutions  for  ice-crystals  of  the  Cj  type  (bullets  and 
rosettes),  for  which  = 0.  038,  Ej^  = 0,  529,  and  for  which  it  was  assumed  that 
the  liquid-water-content,  M,  was  0.05  gm  m*'^.  The  example  of  the  second  lines 
reveals  the  solutions  for  large  snow  of  the  I.S,  type  (aggregates  of  plates),  for 
which  = 0.  00495,  Ej^^  = 0.  596,  and  for  which  it  was  assumed  that  M = 0.  3 gm  m . 
The  example  of  the  third  lines  indicates  the  solutions  for  rain  of  the  Rj^.  type  (Joss 
Widespread),  for  which  = 0.00314,  Ej^^  = 0.  576,  and  for  which  it  was  assumed 
that  M = 0.  3 gm  m"^.  For  this  rain  type  and  M value,  the  maximum  drop  size 
funder  the  truncation  assumption  of  D^A  = 7.5,  see  Eq.  (G34)l  is  smaller  than  the 
5 mm  "breakup  diameter"  for  raindrops.  The  example  of  the  fourth  lines  of  the 
table  Illustrates  contrast  solutions  for  rain  of  the  Rj,p  type  (.loss  Thunderstorm), 
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for  which  K = 0,  00162,  E..  = 0.576,  and  for  which  it  was  assumed  that 
m Q ivi 

M E 2.  0 gm  m~  . For  this  rain  type  and  M value,  the  maximum  drop  size  would 
exceed  the  5 mm  breakup  size  (under  the  D^A  = 7.  5 assumption);  hence,  the  limit- 
ing stipulation,  of  Eq.  (G35)  that  0^  = 5.0  mm,  pertains  and  is  employed  with  the 
truncated  equations  of  this  example.  It  should  be  noted  that  the  upper  diameter 
truncation  imposed  by  this  stipulation,  at  this  M value,  is  "very  severe". 

If  the  truncated  and  non-truncated  solutions  of  Table  G6  are  compared,  it  is 
seen  that  appreciable  differences  exist  for  all  of  the  hydrometeor  examples,  ex- 
cepting large  snow.  The  differences  for  C|  ice-crystals  stem  primarily  from  the 
lower-diameter  truncation  (since  d = 0.07943  mm  is  an  appreciable  fraction  of 

= 0.  774  mm).  The  small  differences  for  large-snow  are  explained  by  the  large 
diameter  range  of  the  spectrum;  the  truncated  portions  at  either  end  do  not  mater- 
ially affect  the  values  of  the  distribution  parameters,  relative  to  the  non-truncated 
values.  The  differences  for  .Toss  Widespread  rain  are  substantial  and  these  are 
chiefly  the  result  of  upper  diameter  truncation.  The  differences  for  .loss  Thunder- 
storm rain  are  very  large  and  are  due,  almost  entirely,  to  the  severe  upper  diam- 
eter truncation  associated  with  heavy  rain  in  which  the  drop  sizes  cannot  exceed 
the  breakup  size. 

The  truncated  distribution  equations  for  the  hydrometeor  types  and  M values 
identified  in  Table  G6  are  ((see  Eqs.  (Gl)  and  (G6),  also  the  A,  N^,  and  values 


at  Table  GB)] 

N=  2.41  X 10®  ° (0.07943  < 0.774)  , (G36) 

M = 1260  D®  ° (0.  07943  s D « 0.774)  , (G37) 

for  Cj  ice  crystals  (bullets  and  rosettes), 

N = 27,400  e*^’  ° (0.  07943  < 3.64)  , (G38) 

M = 14.3  D®  e"'*'  “ (0.  07943  « D s 3.  64)  , (G39) 

for  large  snow  (LS^,  aggregates  of  plates), 

N = 4290  e"^'  ®®  ° (0.  07943  < D s 2.  94)  , (G40) 

M = 2.  25  e"^‘  ■'’®  ° (0.  07  943  s D s 2.  94)  , (G41) 

for  .loss  Widespread  rain,  where  mm,  and 

N = 96  e*®'  ° (0.  07943  * 0^5. 0),  (G42) 

M = 0.  050  D®  e‘®'  ° (0.  07943  * D * 5.  0)  , (G43) 

for  .Joss  Thunderstorm  rain,  where  D_  = 5.  0 mm. 

m 
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For  purposes  of  comparison,  the  non-truncnted  distribution  equations  for  these 
same  hydrometeor  types  and  M values  are,  respectively. 

N=  2.06x10®  e-'®'®'". 

(044) 

M = 1080  D®  . 

(G45) 

for  Cj  ice-crystals. 

N = 27,600  e"^‘  “ . 

(046) 

M = 14.5  D®  e”**  . 

(047) 

for  large  snow,  LS^, 

N=  7000  ^ , 

(048) 

M = 3.67  . 

(049) 

for  rain, 

N = 1570  e'‘*^®  ° . 

(050) 

M = 0.822  D®  e’*^®  . 

(051) 

for  rain,  In  all  of  these  non-truncated  equations,  the  distribution  extends 

continuously  from  d = 0 to  = <*>. 

Comparisons  of  the  truncated  and  non-truncated  distribution  equations  of  these 
examples  reveal  that  substantial  differences  exist,  again  with  the  exception  of  large 
snow. 

It  should  be  apparent  that  the  truncated  equations  are  prerequisite  for  SAMS, 
to  provide  spectral  information  that  is  reasonably  descriptive  of  actual  atmospheric 
hydrometeors.  The  non-truncated  equations  simply  cannot  be  used  for  such  appli- 
cation. 

G2.4  Model  Predirtion  vi  Data  Reaulla 

The  SAMS  precipitation  model  described  herein  was  used  to  provide  informa- 
tion about  the  drop  or  particle  distributions  of  number  concentration  and  liquid- 
water-content  for  the  hydrometeors  that  were  present  along  the  path  trajectories 
of  all  of  the  missile  flights  of  the  SAMS-1  through  SAMS-4  seasons  at  Wallops 
Island,  Virginia.  It  should  be  noted  that,  to  serve  immediate  operational  needs. 
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this  particular,  spectral  information  was  submitted  to  SAMSO  well  in  advance  of 
the  detailed  analyses  nnd  formal  report  descriptions  of  the  storm  and  hydrometeor 
conditions  of  the  individual  seasons. 

Certain  surface  and  aircraft  data  acquired  during  the  SAMS- 3 season  provided 
comparison-verification  checks  on  the  assumptions  and  predictions  of  the  model. 
These  comparisons  will  be  described  in  the  following  paragraphs. 

Observed  spectra  of  raindrop  number-concentration,  liquid-water-content  and 
radar  reflectivity  factor  were  presented  in  Table  D2,  of  Appendix  D,  which  were 
obtained  from  disdrometer  data  and  filter  paper  samples.  Comparison  spectra 
determined  from  the  precipitation  model,  for  common  values  of  total  liquid-water- 
content  and  common  class  intervals,  are  shown  in  Tables  07  and  08.  The  trunca- 
tion limits  used  for  the  Table  07  results  were  the  normal  SAMS  limits  of 

d = 0.  07943  mm  and  D = 7.  5 /A,  see  Eq.  (034).  The  lower  truncation  limits  of  the 
m 

Table  08  results  was  specified  to  be  equal  to  the  diameter  of  minimum  sensitivity 
(detectability)  of  the  disdrometer  and  filter  paper  samples,  with  = 7.  5/ A,  as  in 
Table  07. 

The  precipitation  rates  of  the  model  computations  are  listed  in  the  last  col- 
umns of  Tables  07  and  08.  These  precipitation  rates  may  be  compared  with  those 
for  the  tipping-bucket  instruments,  the  disdrometers  and  the  filter-paper  samples 
that  are  listed  in  Table  01,  of  Appendix  D.  The  rates  are  in  general  agreement, 
within  the  difference  spread  of  the  observational  values. 

Comparison  of  Tables  1)2,  07,  and  08  reveals  that  the  upper  truncation  diam- 
eters of  the  model,  prescribed  by  Eq.  (033),  correspond  well  with  the  observed 
maximum  diameters  of  the  disdrometer  samples  but  that  they  are  smaller  than  the 
maximum  diameters  recorded  on  the  filter  papers.  It  is  also  seen  that  the  class 
number  concentration  values  and  liquid-water-content  contributions  predicted  by 
the  model  are  in  good  agreement  with  the  filter-paper  samples  over  the  comparable 
diameter  ranges.  For  the  disdrometer  samples,  the  model  predicts  larger  drop 
concentrations  and  liquid-water-contents  in  the  smaller  size  classes  than  were 
detected  instrumentally.  However,  as  noted  in  Appendix  D,  the  disdrometers,  for 
drop  sizes  smaller  than  about  0.75  mm  generally  lacked  the  sensitivity  to  detect 
and  record  the  numbers  of  the  drops  that  were  actually  present  (as  revealed  by 
the  filter  papers).  Thus,  at  least  for  the  rainstorm  and  sample  period  of  26  Feb- 
ruary 1973,  we  can  state  that  the  model  provided  a better  description  of  the  spec- 
tral characteristics  of  the  rain,  for  drop  sizes  <0.75  mm,  than  did  the  disdrom- 
eter instruments,  with  their  sensitivity  problems. 
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Compariion  of  the  total  Z valuei  of  the  filter-paper  aamplea  and  the  "model 
correaponding  valuea"  reveal  that  the  obaerved  valuea  are  appreciably  larger  than 
those  of  the  model.  This  suggeata  that  the  upper-truncation  aaaumption  of  the 
model,  that  is,  « 7.  S/A , might  be  too  amall  and  that  a better  Z value  approxi- 
mation might  be  achieved  by  use  of  an  assumption  that  would  give  somewhat  larger 
valuea,  perhaps  an  assumption  of  c 9.0/A,  or  thereabouts. 

The  upper  truncation  assumption  of  the  model  for  ice  hydrometeors  was  checked 
by  comparison  with  the  foil-impactor  data  described  in  Section  E2,  of  Appendix  E. 
These  data  consisted  of  analytical  measurements  of  the  maximum-sixe  particles 
that  were  recorded  on  the  foil  impactor  instrument  of  the  C-130A  aircraft  during  the 
storm  flight  of  2 r«bruary  1973.  The  maximum  sizes  were  determined  by  two 
different  analysts  for  sampling  volumes  ranging  from  20  to  60  m . The  analytical 
results  were  listed  in  Table  E3  and  are  shown  plotted  in  Figure  GB.  The  solid 
vertical  bars  of  the  figure  indicate  the  maximum-size  particles  (maximum  physical 
size)  that  were  determined  by  the  first  analyst  (Analyst  A^  of  Table  E3);  the  dotted 
bars  show  the  sices  determined  by  the  second  analyst  (A 2).  No  foil  data  were 
available  for  storm  altitudes  below  11. 000  ft  (3.  35  km). 


Figure  GB.  Comparisons 
of  Model  Predict^ 
Maximum  Particle  Sizes 
With  the  Maximum  Sizes 
Determined  From 
Aircraft.  Foll-Impactor 
Data  for  Large  Sampling 
Volumes 
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The  left  hand  profile  of  the  figure,  above  the  base  of  the  melting  zone,  shows 
the  maximum  equivalent-melted-dlameters  of  the  hydrometeors  as  predicted  by 
the  precipitation  model  for  the  path  trajectories  of  the  two  SAMS  missiles  that  were 
fired  through  the  storm.  Specifically.  they*are  the  average  values  of  the  ones 
listed  in  Tables  G2  and  G3. 

The  right  hand  profile  in  Figure  G8,  above  the  base  of  the  melting  zone,  indi- 
cates the  maximum  physical  sizes  of  the  particles,  corresponding  to  the  values 

of  the  model  and  presuming  that  the  D_  to  t conversions  for  large-snow,  small- 

nt  m " 

snow,  and  ice-crystals  were  those  specified  by  Eqs.  (G6)  through  (GS)  of  R No.  3. 
There  is  appreciable  uncertainty  in  these  relationships,  as  has  been  mentioned 
elsewhere  herein. 

The  figure  reveals  that  the  physical  sizes  of  the  particles  predicted  by  the 
model  (plus  the  to  assumptions)  are  considerably  larger,  in  the  large-snow 
and  small-snow  regions,  than  those  determined  from  the  foil  record  by  the  two 
analysts.  The  difference  in  the  large-snow  region  is  about  a factor  of  two;  in  the 
small-snow  region  It  is  about  a factor  of  three.  The  model  values  in  the  ice-crystal 
region  are  in  fair  agreement  with  the  ones  measured  by  the  second  analyst  but  are 
appreciably  larger  than  those  measured  by  the  first. 

Other  comparisons  of  this  type  were  also  made  for  certain  of  the  Wallops 
storms  of  the  SAMS-4  season.  The  model  again  tended  to  overpredict,  but  not  as 
badly  as  in  the  cases  of  the  large-snow  and  small-snow  regions  of  Figure  G9.  The 
comparisons,  overall,  suggest  that  the  upper  truncation  assumption  of  the  model 
for  ice  hydrometeors  should  perhaps  be  modified  to  a value  of  about 

S 12/A  , (G52) 

m 

rather  than  O slS/A.asat  present. 
fh 

There  are  various  questions  concerning  these  comparisons  for  which  answers 

are  not  presently  available.  There  are  questions  of  the  correctness  of  the  to 

assumptions.  Also,  there  are  questions  of  the  representativeness  of  the  foil  . 

data  cited  previously.  Are  these  data,  which  were  obtained  from  sampling  volumes 

of  20  to  60  m , representative  of  the  "largest-particle-size-situations"  in  radar 
6 7 3 

volumes  of  10  to  10  m , that  we  are  attempting  to  describe  with  the  model? 

Additional  checks  on  the  descriptivity  of  the  precipitation  model  can  be  made  by 
comparing  the  model-prescribed  values  of  the  "form  factor",  F,  and  total  number 
concentration,  N.p  (and  their  variations  across  the  Z range  of  expectation)  with  the 
values  and  variations  that  are  present  in  actual  data.  The  "form  factor"  and  the 
other  physical  factors  that  cause  the  constants  and  exponents  of  the  M vs  Z re- 
gression equations  to  have  particular  values  for  the  different  hydrometeor  types 
were  discussed  in  Appendix  E.  Data  were  presented  in  this  appendix  (and  Appen- 
dix H)  to  show  the  typical,  normal  values  of  the  form  factor,  also  to  demonstrate, 
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for  sots  of  data  pertaining  to  rain,  large-anow.  and  ice  cryatala,  the  regreaelon 
trend!  of  the  gradient  parameters  Alog  F/Alog  Z,  Alog  N^/Alog  Z,  and 
Alog  k/Alog  Z. 


Figure  G9.  Value  Trends  With  Z of  the  Form  Factor,  F, 
Upper  Diagram,  of  the  Total  Number  Concentration  of  the 
Drops  or  Particles,  N^,  Middle  Diagram,  and  of  the 
Spectral  Parameter,  k.  Lower  Diagram,  as  Prescribed 
by  the  SAMS  Precipitation  Model  for  the  Hydrometeor 
Types  Cited  in  the  Text 


The  upper  diagram  of  Figure  G9  shows  the  variation  of  log  F vs  log  Z that  is 
predicted  by  the  precipitation  model  for  C^  ice  crystals  (solid  line),  for  small-snow. 
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SS^  (dashed  line),  for  large-snow,  LSg  (dotted  line)  and  for  rain,  R (dashed- 
doUed  line).  The  middle  and  lower  diagrams  of  the  figure  show  the  variation  of 
log  N,p  vs  log  Z and  log  k vs  log  Z for  these  same  hydrometeor  types  and  coding 
scheme. 

The  variation  lines  of  these  diagrams  are  comparable,  on  a one  for  one  basis, 

with  the  regression  lines  of  the  diagrams  of  Figure  F12,  for  the  ice  crystal  data  of 

1 5 

PFM-5,  of  Figure  Ell,  for  the  large-snow  data  of  Ohtake  and  llenmi  , and  of  Fig- 
ures E9  and  ElO,  for  the  disdrometer  data  for  rain.  The  comparison  values  of 
Alog  F/Alog  Z,  Alog  N.p,/Alog  Z,  Alog  k/Alog  Z,  'TogT,  log  Z,  and  for  the 
data  and  model  are  listed  in  Table  G9. 

These  figures  and  table  reveal  that  the  values  and  trends  of  Alog  F/Alog  Z, 
Alog  N,p/Alog  Z and  Alog  k/Alog  Z prescribed  by  the  precipitation  model  are  quite 
similar  to  those  that  are  present  in  the  data.  It  will  be  noted,  however,  that  the 
absolute  values  of  the  model  parameters  (that  is,  of  F.  N.p,  and  k,  for  any  common 
Z value)  are  larger  than  the  ones  of  the  data.  This  is  explained  by  the  fact  that  the 
lower  truncation  diameter  of  the  model  is  smaller  than  the  minimum  diameters  that 
were  measurable  by  the  instruments  or  techniques  used  to  acquire  the  data.  Pre- 
vious comments  herein,  specifically  regarding  rain,  have  noted  the  problems  in- 
volved in  measurement  attempts  to  determine  the  numbers  and  siz«^s  of  the  smallest 
hydrometeors  of  the  populations. 

To  summarize  the  descriptivity  of  the  precipitation  model  presented  herein, 
the  model  provides  a good  description  of  rain,  large-snow  and  small-snow.  The 
upper  truncation  assumption  of  D^A  = 7.  S.  for  rain,  should,  perhaps,  be  increased 
somewhat,  to  about  9. 0,  for  better  conformity  with  data  we  have  acquired  thus  far. 
For  ice  hydrometeors,  the  upper  truncation  assumption  of  D^A  = 15  seems  overly 
large,  relative  to  data  for  large  sampling  volumes,  and  a value  of  about  12  would 
appear  to  be  more  realistic.  With  regard  to  the  lower  truncation  assumption,  of 
d = 0.  07943  mm,  this  seems  quite  reasonable  for  rain  and  large-snow.  However, 
data  presently  available  suggests  that  the  exponential  trend  of  the  model  could 
probably  be  extended  downward  to  smaller  minimums  for  small-snow  and  ice- 
crystals,  perhaps  to  d = 0.05012  mm,  for  small-snow,  and  d = 0,03162  mm,  for 
ice-crystals  (see  the  SAMS  class-boundary  values  of  Table  Gl). 
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Appendix  H 

Spacial  Background  Studiat 


Two  special  studies  are  described  in  this  appendix  that  provide  background 
information  that  is  used  and  (iiscussed  in  Appendix  t.  The  first  study  concerns  the 
development  and  presentation  of  the  form-factor  equations  and  graphs  for  expo- 
nentially-distributed, linearly-classified  spectral  data  for  hydrometeors.  The 
second  describes  how  the  uncertainty  effects  of  converting  basic  measurement  data 
for  ice  hydrometeors  into  terms  of  equivalent-melted-diameter  will  cause  resultant 
uncertainties  in  the  values  of  liquid-water-content  (M),  radar  reflectivity  factor  (Z), 
and  the  spectral  parameter  (k).  The  relative  and  absolute  uncertainties  are  dis- 
cussed and  nietho<ls  are  suggested  whereby  the  values  of  k can  be  computed  with 
acceptable  accuracy  without  the  necessity  for  detailed  hydrometeor  categorlzcition 
or  typing. 

The  studies  are  presented  with  a minimum  of  commentary,  since  the  primary 
study  results  and  conclusions  are  discussed  in  Appendix  E. 


HI.  FORM  FACTOR  KgilATIONS  AND  GRAPHS  FOR  EXPONKNTIALLY  UlSTRIBlITF.D. 
LINKARLY-CLASSIFIKI),  SPECTRAL  DATA  FOR  HYDROMETEORS 

The  distribution  function  describing  the  exponential  distribution  of  the  number 
concentration  of  hydrometeor  drops  or  ice  particles  with  the  drop  or  particle 
diameter  (equivalent-melted-diameter)  is  from  Eq.  (Gl)  of  Appendix  G. 
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N = N No.  m*^  mm  * , (HI) 

o 

where  N is  the  number  concentration  of  the  drops  or  particles  of  diameter,  D,  is 
the  "zero  intercept"  of  the  equation  and  A is  the  "In  slope"  of  the  distribution  (when 
In  N is  plotted  vs  D). 

For  this  distribution  function,  the  diameter  bandwidth  is  infinitesimally  small. 
However,  the  function,  as  written,  has  in  effect,  been  normalized  to  pertain  to  a diam- 
eter bandwidth  of  1 mm.  Ifwe  wishloasaume  some  bandwidth  other  than  1 mm,  such 
as  a diameter  width  equal  to  AD,  then  we  may  rewrite  Kq,  (HI)  as 

N=N  AD  e'^'^  No.  AD"’  , (H2) 

o 

The  bandwidth,  AD,  may  be  considered  to  be  equivalent  to  the  "class  width",  for 
classified  data  which  are  exponentially  distributed.  For  such  data,  if  we  assume  that 
the  classification  is  linear,  which  means  that  AD  is  commonly  the  same  for  all  diameter 
classes  of  the  distribution,  the  "zero  intercept"  of  Eq.  (H2)  will  be 

N*  = N AD  . (H3) 

0 o 

rather  than  N^,  as  in  the  case  of  Eq.  (HI),  This  permits  us  to  rewrite  Eq.  (H2)  as 
* " ’^i  - 3 - 1 

N,  = N e ‘ No.  m D ‘ (H4) 

1 o 


whem  Nj  is  the  class  number  concentration  of  the  drops  or  particles  having  the  mid- 
dla’  -ter  size,  D^,  which  exist  in  classes  of  width,  AD,  and  is  the  "zero  intercept 
value"  of  Nj. 

If  the  data  are  linearly  classified,  then,  from  Eq.  (E14),  of  Appendix  E, 


_ (2i  - 
(2n-  1) 


D 


(H5) 


where  n is  the  number  of  diameter  classes  in  the  distribution,  Dj  is  the  mid-diameter 
of  any  given,  or  i'th,  and  D^  is  the  mid-diameter  of  the  n th,  or  last,  class,  which 
contains  the  drops  or  particles  of  the  largest  size.  For  linear  classification,  the 
classwidth  is 


AD=Di^l-D., 


or,  from  Eq,  (H5), 
D 


AD  = 


n - l /T'  • 


(H6) 


(H7) 
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The  total  number  concentration,  of  the  drops  or  particles  of  all  sizes  in  the 
classified  distribution,  is 
i=n 

N„  = r N,  (H8) 

* i=l  ‘ 


which,  from  (H4),  becomes 


-AD 

N = N r e ‘ 
^ ®i=l 


(H9) 


In  Appendix  K,  the  equation  specifying  the  form  factor  for  linearly  classified 
data  was  written  as  (see  Fq.  (F23tl 


i=n 

T (2i  - ll^a 


F = 


i=n 

T (2i  - 11®  a. 
1=1 


0.  5 


(HIO) 


where  the  coefficients,  Oj,  were  defined  as 


Oj  = Nj/N,j,  . 


(HID 


From  Eqs.  (H4)  and  (H91,  it  follows  that  a j,  for  an  exponential  distribution,  is 
-AD, 

« - e 


i 


i i=n 

T e 
i=l 


-AD. 


(HI  2) 


I 


P 

'I 


I 


which,  for  linear  classification,  becomes,  from  Eq.  (H5), 


a,  = 


i i=n 

T 

i=l 


(HI  3) 


where 

n = 


-ADn 

p Ur-  (T.  5) 


(H14) 


and  where  in  Eq.  (H13),  in  case  there  should  be  any  question,  is  D raised  to  the 
i'th  power. 
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When  a from  Eq.  (H13),  is  eubetltuted  into  Eq,  (HIO),  we  obtain 


l"n 

r (21  -1)^  n‘ 


1 1>1 


1-1  Ll“l 


l*n 

T (21  - D® 


o.s 


(H15) 


which  ie  the  form  factor  equation  for  exponentially-distributed,  linearly  classified 
data  which  are  truncated  at  the  upper  diameter  limit  of  the  n'th  class,  or  at 


D 


UL 


D + AD/2 
n 


(H16) 


Equations  (H14)  and  (HIS),  which  pertain  to  the  situation  of  no  lower  diameter 
truncation  (such  truncation  will  be  considered  presently),  were  evaluated  for  AD^ 
values  between  -20  and  140  and  for  n values  between  2 and  100,  The  results  are 
shown  in  Figure  HI.  It  is  seen  that  the  form  factor  has  a maximum  value  of  unity 
and  that  the  values  are  never  smaller  than  0.  222  (the  approximate  mathematical 
minimum).  It  might  also  be  noted,  with  reference  to  Eqs.  (H14)  and  (HIS),  that  the 
parameter  AD^  is  a non-dimensional  measure  of  the  upper  truncation  limit  of  the 
exponential  spectra. 

The  diagram  of  Figure  HI  is  actually  a "gross  overplot"  of  the  actual  atmos- 
pheric range  of  the  AO^  values.  In  Appendix  G,  it  is  pointed  out  that  available  data 
concerning  the  maximum  equivalent-melted-diameters  of  ice-hydrometeors  reveal 
that  AD^  (the  SAMS  model  equivalent)  has  a value  of  about  12,  possibly  as  large  as 
IS,  in  certain  casea.  Under  the  assumption  that  the  atmospheric  range  of  AD^  would 
certainly  be  bracketed  by  values  from  -5  to  20,  the  isolines  of  Figure  HI  were  plotted 
at  expanded  scale,  as  shewn  in  Figure  H2.  Our  comments  will  be  made  relative  to 
this  figure,  rather  than  Figure  HI. 

There  are  two  special  cases  of  exponential  distributions  that  should  be  noted.  A 
monodispersed  distribution  is  one  such  case,  although  it  is  a rather  trival  one.  The 
form  factor  value  for  a monodispersed  distribution  os  1.0;  the  point  of  its  occurrence 
on  the  Figure  H2  diagram  is  indicated  by  the  point  labeled  "M".  The  other  special 
case  is  that  of  a "uniform  distribution"  (in  which  all  classes  contain  equal  numbers 
of  the  drops  or  particles).  For  such  distribution,  A = 0,  n = 1.0,  see  Eq.  (H14), 
and  the  form  factor  is  specified  by 

i=n 


^ E (21  - 1) 

1 i«l 

”V  n ri=n 


"O' 


(H17) 


I 


k. 
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Figure  H2.  Values  of  the  Form  Factor  as  a Function  of 
and  n,  for  AD  Values  in  the  Typical  Atmospheric  Range  of 
-5  to  20,  No  ".-'wer  Diameter  Truncation 


This  case  is  also  indicated  on  the  Figure  H2  diagram.  It  is  the  vertical  line 
at  AD^  = 0,  which  is  labeled  "U". 

The  diagram  shows  that  the  F values  vary  considerably  with  n between  n = 2 
and  n = 10.  As  explained  in  Appendix  E (footnote  page  151),  this  occurs  because, 
except  for  monodispersed  distributions,  at  least  10  classes  (n  = 10)  are  required 
with  classified  data  to  provide  an  adequate  description  of  a theoretical  distribution 
function,  such  as  one  of  exponential  type.  The  same  holds  in  general  regarding  the 
number  of  classes  needed  to  provide  adequate  description  of  any  continuous  spectra, 
either  atmospherically-observed  or  theoretical.  Thus,  with  reference  to  the  Fig- 
ure H2  diagram,  the  form  factor  values  for  n<  10  really  represent  a special  caic- 
gory  of  classified  data  in  which  the  number  of  classes  is  insufficient  to  describe 
adequately  the  true  nature  of  the  continuous  distribution. 

With  regard  to  the  matter  of  the  lower  diameter  truncation  of  the  exponential 
distributions,  this  was  investigated  by  assuming  in  Eq.  (H15),  (1)  that  the  first  size 
class  of  the  distribution  had  zero  number  concentration,  (2)  that  the  first  two 
classes  had  zero  number  concentration,  and  (3)  that  the  first  three  classes  had  zero 
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number  concentration.  This  is  equivalent  to  lower  diameter  truncation,  moving 
upward  from  a lower  diameter  boundary  of  d = 0 (to  which  Figures  HI  and  H2  per- 
tain) to  d s AD  (see  the  results  of  Figure  H3),  to  d = 2AD  (see  Figure  H4),  to 
d E 3AD  (see  Figure  115).  These  figures  compared  to  Figure  H2,  clearly  demon- 
strate that  the  form  factor  values  for  any  given  Al)^  and  n increase  with  increasing 
lower  diameter  truncation.  The  figures  also  show  that,  with  lower  diameter  trun- 
cation, the  form  factor  values  vary  appreciably  with  n,  even  for  n £ 10.  This  im- 
plies that  the  number  of  classes  needed  to  provide  an  adequate  description  of  an 
exponential  distribution  which  is  truncated  at  the  small  diameter  end  of  the  spectra 
exceeds  the  number  required  to  describe  a non-truncated  distribution. 


On-D' 


Figure  H3.  Values  of  the  Form  Factor  as  a Function  of  AD„ 
and  n.  Atmospheric  Range,  With  Lower  Diameter  Truncation 
of  d = ad 
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Figure  H4,  Values  of  the  Form  Factor  as  a Function  of  AD^ 
ana  n.  Atmospheric  Range.  With  Lower  Diameter  Truncation 
of  d = 2AD 
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Figure  H5.  Values  of  the  Form  Factor  as  a Function  of  AD^ 
and  n.  Atmospheric  Range.  With  Lower  Diameter  Truncation 
of  d = 3A  D 
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112.  UNCKRTAINTY  KKKKCTS  OK  f TO  I)  (X)NVKK.SION  ON  THK  VAI.DK.S 
M.  /,  AM)  k 

H2.I  Hir  Unrrftainly  l^ualioni,  Kvahiationa,  and  Tabular  RcmIIi 

Consider  the  single-sample  equations  for  and  which  are  given,  respec- 
tively, by  Eqs.  (Eli)  and  (E13).  By  the  use  of  Eq.  (E21),  we  may  write  the  ex- 
pressions for  and  Z^  as 

l«n 

= C N„  r D?  a,  (H18) 

8 T I 1 


and 


l^n 

Z_=N„r  D®a,,  (H19) 

B I l 1 


where 

C * x/e  X 10'^  . 


(H20) 


W'e  may  also  write  the  expression  for  k,  which,  from  Eq.  (E17),  is 
k = F , (E17) 


where  the  form  factor,  F',  for  irregularly-classified  data,  as  given  by  Eq.  (E23a)  of 
Fie  footnote  on  page  119,  is 


\=n 

r nfa, 

i=l  ‘ * 

i=n 

"075' 

r 

i=i  ‘ ‘j 

(E23a) 


In  these  equations,  which  are  written  for  hydrometeor  spectra  that  are  classi- 
fied in  terms  of  equivalent-melted-diameter,  the  parameter  is  the  mid-diameter 
of  any  given,  or  i'th,  class  and  is  the  mid-diameter  of  the  n'th,  or  last,  class, 
which  contains  the  ice  or  snow  particles  of  the  largest  size.  N.p  is  the  total  number 
concentration  of  the  ice  or  snow  particles  of  all  sizes  in  the  distribution:  C is  a 
numerical  constant  specified  by  Eq.  (H20)  and  is  the  ratio  of  the  class  number 
concentration  of  the  particles,  N^,  to  the  total  number  concentration,  N.p.  see 
Eq.  (E21)  and  associated  discussion. 
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We  wish,  now,  to  Investigate  the  uncertainty  effects  of  f to  D conversion  on 
the  M^,  and  k values  that  are  ditermined  from  the  sise-distribution  data  for 

any  given  sample  of  ice  hydrometeors.  We  will  develop  the  uncertainty  equations 
for  and  first  and  then  follow  with  the  development  of  the  equation  for  k. 

The  f (physical  length  measure)  to  D (equivalent-melted-diameter)  conversion 
equations  of  conventional  SAMS  usage  are  of  the  power-function  form 

D = , (H21) 

where  y and  0 have  particular  values  that  depend  on  the  category  and  type  of  the  ice 
hydrometeors  (snow  or  ice  crystals,  of  different  types)  contained  in  the  samples  and 
that  also  depend  on  whose  values,  from  among  those  of  diverse  investigators,  are 
considered  to  be  the  "most  accurate".  (In  fact,  even  the  accuracy  and  authenticity 
of  the  power-function  form  of  the  conversion  equation  is  subject  to  question  in  the 
present  state  of  our  knowledge. ) 

From  Eq.  (112 1),  assuming  that  this  was  the  equation  form  used  in  conversion, 
it  follows  that  the  "physical  sizes"  of  the  ice  hydrometeors  which  corresponded  to 
the  Dj  values  of  Eqs.  (HI 8),  (HI 9),  and  (E23a)  mentioned  herein,  were  related  to 
the  values  as 

Dj  = y , (H22) 

If  we  substitute  Eq.  (H22)  into  Eqs.  (H18)  and  (H19),  we  obtain 
ien 

M =CN„y^I  ij^a,  (H23) 

8 T I 1 


and 

i=n 

Z = N y®ri®^a,  , (H24) 

s ^ 1=  1 * ‘ 

which  are  the  equations  for  and  Z^  written  in  terms  of  the  length  measure  of 
physical  size  of  the  basic  data  of  original  measurement. 

In  the  process  of  ^ to  D conversion,  if  it  is  performed  correctly,  each  lower 
and  upper  boundary  of  the  size  classes  of  the  original  "£  data"  will  be  converted, 
through  Eq.  (H22),  into  new,  corresponding  lower  and  upper  boundaries  for  the  size 
classes  of  the  equivalent-melted-diameter,  or  "D  data".  There  will  be  no  change 
in  the  number  of  the  classes,  in  the  class  number  concentrations  of  the  particles, 
in  the  total  number  concentration  of  all  of  the  particles  of  the  given  sample,  or  in 
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the  values  of  the  a coefficients  for  the  different  classes.  Moreover,  since  we 
presume  that  the  oriftinal  data  was  measured  accurately,  there  are  no  uncertainties 
in  our  knowledge  of  any  of  the  class  boundary,  or  mid-values,  of  the  "i  data",  (We 

are  not  concerned  with  instrumental  or  measurement  uncertainties  in  this  investigation. ) * 

The  only  parameters  of  the  above  equations  that  are  subfect  to  conversion-type 
uncertainty  are  the  coefficient,  y and  the  exponent,  d,  of  the  £ to  D conversion  ^ 

equation,  Kq.  (1122).  Thus,  we  may  write  the  total  derivative  (or  uncertainty 
(liTivativo)  of  M as 

s I 

BM  aM  I 

and  that  for  / as 

8 ^ 

az  dz  ! 

dZg  = dy  4 gy-5.  d0  . (H26) 


When  the  partial  derivatives  of  these  equations  are  determined,  from  Eqs. 


(1123)  and  (1124), 


dMg  = 3 C N,j,  y‘ 


l=n 


i=n 


dyZj  £,  a * Y d<l)  I,  (ln£,)a, 
1=1  ‘ * i=l  ' ‘ 


(H27) 


and 


dZ  = 
8 


6 N,j,  y' 


l=n  c*  l=n  CA 

60  ^00 

dy2-  /.  a,  +ydoZ^  1.  (ln£,)a, 

i=l  ' * i=l  ' * * 


(H28) 


or,  in  finite  difference  form. 


8 


3 C N,j. 


l=n  3^  i=n 

Ay  Zy  £,  + yAOZ? 

1=  1 ‘ i=  1 


30 

£j  {ln£j)aj  , 


(H29) 


and 

AZ^  = 6 y5 

If  we  write  the  above  equations  in  the  form  most  convenient  for  the  subsequent 
discussion,  we  obtain 


AyZ?  /.  a 
1=1  ‘ ‘ 


1=1  ‘ 


(H30) 
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(H31) 


where 


Un 


30 


AM^^=  3CN^r2^>r^^,  a,. 


and 

AM 

likewise 


i“  n 

3 ^ 


80  ■ 3 C N^  Y Ao  Yj  ln(ij)aj  ; 


AZ  = AZ  4 AZ  . , 
S SY  S0 


where 


i=n 


60 


AZ^^=  6Nt,Y^AyE  i, 


and 


i=n 


^^80  = « N,,  Y' 


A0  Z' 


1=1 


60 

/j  ln(i,)o. 


(H32) 


(H33) 


(H34) 


(H35) 


(H36) 


Equations  (H31)  through  (1136)  specify  the  uncertainties  in  M^  and  Z^  that  will 
result  from  uncertainties  in  our  knowledge  of  the  coefficient,  y , and  exponent,  0, 
of  the  i to  D conversion  equation.  We  will  consider  the  evaluation  of  these  equations 
after  we  discuss  the  uncertainty  equation  for  k. 

If  we  substitute  Eq.  (H22)  into  Eq.  (E23a),  thence  into  Eq.  (E22)  (the  latter 
equations  are  presented  on  pages  229  and  119),  the  expression  for  k,  written  in 
terms  of  the  length  measures  of  the  basic  data,  becomes 


It  is  seen  that  k,  in  this  equation,  does  not  depend  on  the  coefficient,  y,  of  the 
/ to  D conversion  equation,  but  only  on  the  exponent,  0. 
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The  derivative  of  k with  respect  to  0.  written  in  finite  difference  form,  ie 


(H38) 


This  apecifieH  the  uncertainties  in  k that  result  from  uncertainties  in 

Equations  (H34),  (M37),  and  the  proceeding  equation  were  evaluated  for  three 
different  categories  of  ice  hydrometeors.  They  were  evaluated  for  large-snow, 
of  type  LSg,  for  small-snow,  of  type  SS^  and  for  Cj  type  ice-crystals.  The  initial 
"t  data"  were  assumed  to  be  exponentially  distributed  and  three  different  values  of 
liquid-water-content  were  considered,  per  category,  which  typify  atmospheric  values 
of  large,  medium,  and  small. 

The  distribution  and  conversion  parameters  of  reference  are  listed  in  Table  HI. 
Reference  is  the  assumed  conversion  condition  of  zero  uncertainty.  The  particular 
truncation  assumptions,  distribution  equations  and  Nrp  values  for  the  data"  are 
listed  in  the  first  section  of  the  table.  The  assumed  y and  0 values  of  conversion, 
see  Eq.  (H22),  are  noted  in  the  second  section  of  the  table.  These  are  the  same 
values  specified  in  R No.  2 (page  65).  The  resultant  parameters  of  the  " distribu- 
tions", after  conversion,  are  shown  in  the  third  section  of  the  table.  It  should  be 
mentioned  that  the  initial  distributions  were  deliberately  chosen  sue!'  " t the  liquid- 

water- content,  that  is,  M , values  of  the  converted  distributions  would  be  close  to 

8 

I.  0,  0,  1,  and  0,  01,  for  large  snow,  and  close  to  0.  5,  0. 1,  and  0.  01,  for  small 
snow  and  ice  crystals.  Also  linteJ  in  the  table,  for  information,  are  the  values  of 
the  form  factor,  F,  as  given  by  the  series  terms  of  Eq.  (H37),  that  is,  the  terms 
excluding  C and  see  Eq.  (i;2:iA). 

The  uncertainty  effects  of  I to  I)  conversion  on  the  M , Z , and  k values  were 

s s 

determined  for  these  reference  conditions.  Two  assumptions  of  uncertainty  were 
made  regarding  the  coefficient,  y.  of  the  conversion  equation;  first,  that^Y  = 0. 1; 
second,  that  Ay  = 0,  2.  Similar  assumptions  were  made  about  the  exponent  of  the 
conversion  equation;  first,  that  A0  = 0.  1;  second,  that  Ad  = 0.  2.  The  0. 1 assump- 
tions on  Ay  and  A0  were  considered  to  be  the  normal,  typical  uncertainties;  the 
0,  2 assumptions  were  considered  to  be  the  maximum  expected.  Equations  (H29), 
(H30',  and  (H38)  were  evaluated  for  each  of  the  four  combinations  of  the  Ay  and  Ad 


Assistance  in  this  differentiation  was  given  by  Mr.  Lawrence  E.  Belsky,  of 
Digital  Programming  Services,  Inc.,  Waltham,  Massachusetts. 
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values.  The  reaulte  are  shown  in  Table  112  and  summarized  in  i-  i({ur<-H  IJI!).  K16. 
and  KI7,  of  Appendix  K.  Rriefly,  the  results  reveal  that  the  decimal  uncertainties 
of  the  radar  reflectivity  factor.  <the  subscript  "s"  is  not  retained  in  the 

table),  range  from  1.4  to  5.2;  that  the  decimal  uncertainties  in  the  liquid-water- 
content.  range  from  0.71  to  2.0.  whereas  the  decimal  uncertainties  in 

the  spectral  parameter,  k,  that  is.  the  Ak/k  values,  only  range  from  0.  I to  0.  34. 

As  emphasised  in  Appendix  R.  this  demonstrates  that  the  k values  can  be  computed 
from  spectral  data  with  considerably  better  accuracy  than  either  the  or  Z^  values. 

The  normal,  typical  uncertainties  of  k.  which  are  presumed  to  be  associated 
with  the  AO  ’ 0.  1 assumption,  are  seen  to  range  from  0.  1 to  0.  17  (10  to  17  percent); 
the  probable  maximum  uncertainties,  associated  with  Ap  = 0.  2,  vary  from  0.  20  to 
0.  34. 

H2.2  Krrurt  Involved  in  the  Uelerminaliun  of  k Linder  (he  AMumpIktn  llial 
i to  D Oinverikin  Kfferir  are  Neglerled 

It  is  of  interest  to  consider  the  magnitude  of  the  k uncertainties  (errors)  that 
would  be  associated  with  a complete  neglect  of  i to  l>  conversion,  that  is,  with  the 
situation  in  which  the  k values  were  computed  directly  from  the  ”1  data",  of  basic 
instrumental  measurement,  rather  than  from  the  "D  data",  of  assumptive  conversion. 


For  computing  the  individual  terms  of  Eqs.  (H2f>)  and  (H30)  (also  see  (H31)  and 
(H34)| , the  Ay  and  Ap  changes  were  considered  positive  and  the  sign  of  the  re- 
sultant AMy,  AMP,  AZy,  and  AZp  changes  were  retained  and  identified  in  the 
Table  H2  listings.  Likewise,  the  sign  of  the  Ak  and  Ak/k  changes  (always  negative) 
were  identified  in  the  table.  It  should  be  noted,  however,  that  the  Ay  and  Ap  un- 
certainties in/  to  D conversion  could  be  either  or  — , and  non-correlated. 

Hence,  the  AMy  and  AMp  values  of  the  table  were  added  in  rms  fashion  to  obtain 
the  AM  values.  Similarly,  the  AZy  and  AZp  values  were  rms  summed  to  obtain 
the  AZ  values.  In  the  text  discussion  of  the  M,  Z,  and  k uncertainties,  it  is 
assumed  that  these  might  be  either  or  — . thus  no  mention  is  made  of  sign. 
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Table  H2.  Term.  Total,  and  Ratio  Uncertainties  in  M.  Z.  and  k Resulting  From  the  Uncertainties  of  y and  O 
i to  D Conversion  [see  Eqs.  (H29).  (H30).  ar.c  (H38)] 


r 
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If  the  k values  were  approximated  from  the  "I  data",  we  would  be  assuming, 
in  essence,  that  0,  in  Kq.  (H37),  had  the  value  unity,  such  that 


c^Nt  E «, 


ri=n  Z T 0, 5 • 

E i,  "i 

.1=1  . 


The  errors  of  approximation  would  be  given  by  the  difference  between  this 
equation  and  the  correct  equation,  (H37),  or  by 

I S o,  Tj  t.  a I 

I — / i=  1 ^ ^ 1=1  ' \ 

A 1.  — r-*  f KT  / * i"  » \ /•! 


r 3 30 

1 S o,  ^ i.  n 

_ fTT  ; i=i  ^ ‘ 1=1  ' ‘ 

V~T  {rWT-pnr  r-Pir— ■ 

I Z'  /.  Of.  ^ 

i^Li=l  ' ‘J  L‘=l  J 


The  values  of  Ak.,  were  computed  from  this  equation  for  the  hydrometeor  cate- 
gories,  reference  parameters,  and  assumptions  listed  in  Tables  III  and  II2, 

The  results  are  shown  in  Table  113.  It  is  seen  that  the  errors  in  k resulting  from 
direct  use  of  the  data",  without  any  attempted  i to  13  conversion,  are  of  the  order 
of  0.  12  to  0.  30,  which  is  about  the  same  as  that  of  the  probable  maximum  uncer- 
tainties of  the  A0  = 0.  2 assumption  of  Table  112,  as  discussed  previously. 


Table  II3.  Values  of  k^,  k,  Akp,  and  Akp/lt,  Where  T<  = (k^  + k)/2, 
as  Computed  From  Kqs.  {H37),  (H39),  and  (H40)  for  the  Hydrometeor 
Categories  (see  parameters  and  assumptions  listed  in  Tables  HI  and  H2) 


llydrometeor 

Category 

and 

Type 

M 

k 

Akp, 

I.arge  Snow 

1.0 

0.  00831 

0.  00978 

-0.  00147 

-0.  162 

LS3 

0.  1 

0.  00477 

0.  00551 

-0.  007  36 

-0.  143 

0.01 

0.00290 

0. 00323 

-0.  000378- 

-0.  122 

Small  Snow 

0.5 

0.0168 

0.  0227 

-0.  00578 

-0.297 

SS 

0.  1 

0.0124 

0. 0165 

-0. 00416 

-0.  288 

S 

0.01 

0.0104 

0.  0135 

-0.  00309 

-0.  258 

Ice  Crystals 

0.5 

0.0423 

0.  0554 

-0.0132 

-0.  270 

^1 

0.  1 

0.  0355 

0.  0463 

-0.0109 

-0.  266 

0.01 

0.  0276 

0.  0348 

-0.  00722 

-0.  231 
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H2.3  Calcgory-  fype  DiffcrencM  in  k 

Aa  airci'aft- radar  information  is  accumulated  in  the  SAMS  program,  con- 
cerning the  k values  and  the  f to  D converaiona  that  are  applicable  to  the  different 
categories  and  types  of  ice  hydrometeors,  we  will  progressively  build  a stock  of 
knowledge  about  the  normal,  average  value  of  ^ that  pertains  generally  to  all  ice 
hydrometeors,  and  about  the  usual  category-type  departures  from  this  average.  It 
is  suspected  that  these  departures,  as  they  affect  the  k values,  may  be  of  negligible, 
second  order  importance,  relative  to  other  uncertainties  of  the  overall  SAMS  pro- 
gram (such  as  the  uncertainties  of  radar  measurement,  see  R No.  1,  Tables  B1 
through  B4), 

For  example,  we  presently  contend,  in  our  SAMS  analyses,  that  we  can  dis- 
tinguish the  category-type  differences  between  large- snow,  LS,,  small-snow  SS_, 
and  type  Cj  ice -crystals.  The  average  value  of  0 for  these  three  category-types 
is  0.  84,  see  Table  HI.  The  k value  corresponding  to  this  average  is,  from  Eq. 
(H37). 


♦ 


IT 

5.04  1 ‘ 

E i Of 

Li“i  J 


(H41) 


The  departures  of  the  actual  k values  from  the  Eq.  (41)  value  are  given  by  the 
difference  between  this  equation  and  Eq.  (H37).  Thus, 


D- 


Akr.  = 


2.52 

T a 

i=l  ^ * 


^"5.04  1 

0*  5 

E i a 

.i=  1 ' ‘J 

L /.  flj 
1*1  ‘ ‘ 
■Fn 


60  I”'® 
I a 
Li=l  ‘ ‘J 


(H42) 


The  values  of  Ak^  and  Akg/TT  are  shown  in  Table  H4  which  correspond  to  the 
three  category-types,  reference  parameters,  and  assumptions  stated  in  Tables  HI 
and  H2.  The  departures  are  seen  to  range  from  0.  001  to  0.  05  (0.  1 to  5 percent). 

The  values  are  small,  compared  to  the  uncertainty  and  error  values  cited  heretofore. 

These  results  suggest  that  our  contended  ability  to  differentiate  category-type 
differences  among  ice  hydrometeors,  in  terms  of  k values  (or  M or  Z values,  by 
implication),  may  be  illusory,  because  the  uncertainties  within  any  single  category- 
type  may  exceed  the  contended  differentiability. 
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Table  H4.  Values  of  k^,  k,  AkQ,  and  Akn/lc.  Where  Ic  = (kj  + k)/2, 
as  Computed  From  Eqa.  (H37),  (H41),  ana  (H42)  for  the  Hydrometeor 
Categories,  (see  parameters  and  assumptions  listed  in  Tables  Hi  and  H2) 


Hydrometeor 

Category 

and 

Type 

M 

k 

Ak„ 

Akjj/Tc 

Large  Snow 

1.0 

0.0103 

0.  00078 

0.  00052 

0.  0532 

LS, 

0.  1 

0. 00574 

0. 00551 

0.  00023 

0.  0417 

3 

0.01 

0. 00340 

0.  00323 

0.  00017 

0.  0526 

Small  Snow 

0.  S 

0.0215 

0.  0227 

-0.  0012 

-0.  0529 

ss. 

0.  1 

0.0157 

0.0165 

-0.  0008 

-0.  0485 

8 

0.01 

0.0129 

0.0135 

-0.  0006 

-0.  0444 

Ice  Crystals 

0.  s 

0. 0555 

0.  0554 

0.  0001 

0.  00180 

Cl 

0.  1 

0.  0463 

0.  0463 

0.  0001 

0.  00149 

1 

0.  01 

0. 0348 

0.  0348 

-0.  00001 

-0.  000302 

Therefore,  at  the  present  stage  of  the  SAMS  program,  v'e  may  very  well  be 
able  to  neglect  all  details  of  the  category-type  differences  of  / to  D conversion, 
which  only  affect  the  k values  in  minor  degree  through  the  0 differences.  We  can 
assume,  instead,  a single  average  value  of  0,  which  pertains  to  ice  hydrometeors 
in  general.  The  resultant  uncertainties  in  the  assessment  of  liquid-water-content 
along  the  SAMS  missile  trajectories  for  storm  altitudes  above  the  0*  isotherm 
should  be  negligible,  relative  to  other  uncertainties  of  the  program. 


*These  details  may  still  be  important,  of  course,  in  the  explanation  of  various 
erosion  effects. 
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